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Abstract. We develop a method for describing the Galois action on the su- 
perspecial locus in the mod p of the Siegel moduli space. Using this explicit 
description, we deduce and extend the results of Ibukiyama and Katsura that 
relate -rational points, closed points and Fp-rational points in the super- 
special locus in the geometric side, and the class number, type number and 
the trace of a Hecke operator of Atkin-Lehner type on a quaternion Hermit- 
ian form in the arithmetic side. We also calculate the traces of these Hecke 
operators using the Selberg trace formula. 



1. Introduction 

Throughout this paper p denotes a rational prime number. An abehan variety 
A over a field of characteristic p is said to be superspecial if it is isomorphic to a 
product of supersingular elliptic curves over an algebraic closure of the ground field. 
It is known that every supersingular elliptic curve E over any algebraically closed 
field k has a model defined over Fp2 (see Deuring [2 ); this means that there is an 
elliptic curve E' over F„2 and there is an isomorphism E E' (^f „ k over k: the 
elliptic curve E' is called a model of (the isomorphism class of) E over ¥p2 . For any 
g > 1, there is only one isomorphism class of (^-dimensional superspecial abelian 
varieties over k (This fact is due to Shioda, Deligne and Ogus) . Particularly every 
superspecial abelian variety of dimension greater than one over k has a model 
defined over Fp. In [TU] Ibukiyama and Katsura studied the field of definition 
of superspecial polarized abelian varieties. They showed that every superspecial 
principally polarized abelian variety over Fp has a model defined over Fp2 . They 
also expressed the number of those which have a model defined over Fp in terms of 
the class number and the type number of the quaternion unitary algebraic group 
in question. See below for more details. 

Let Ag — Ag(Fp) denote the set of isomorphism classes of g-dimensional super- 
special principally polarized abelian varieties over Fp. The goal of this paper is to 
develop a method for describing the action of the Galois group G ■= Gal(Fp/Fp) on 
this finite set. We call this a reciprocity law because a reciprocity law, in a general 
sense, may be regarded as a description of a Galois group acting on a class space of 
adelic points in terms of Hecke translations. For CM fields, the Shimura-Taniyama 
reciprocity law tells us how the Galois group of the related reflex field acts on the 
spaces of CM abelian varieties explicitly; this is known as the main theorem of 
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complex multiplication 29 . For the field of rational numbers, the action of the 
Galois group Gq = Gal(Q/Q) on the group of torsions points of the multiplicative 
group (Em over Q gives rise to the cyclotomic character oj : Gq — ^ , which factors 
through an isomorphism lu : Gq' ~ . By the isomorphism R>oQ^\Aq ~ 
and inversing the cyclotomic character, we get a map recQ : Q^\Aq — )■ Gq', which 
is the Artin reciprocity map. The Artin reciprocity map classifies all abelian ex- 
tensions of Q and gives the explicit description of its maximal abelian extension, 
known as the Kronecker- Weber theorem (cf. flHl Part II]). 

Let {Aq, Ao) be a superspecial principally polarized abelian variety over Fp, con- 
sidered as the base point in Ag. To {Aq, Aq) we associate two group schemes Gi C G 
over Spec Z as follows. For any commutative ring R, the groups of their i?- valued 
points are defined as 

GiR) := {x G (Endp^(ylo) (g) R)"" \ x'x e R"" }, 

Gi (i?) -.^{xe (Endp^ (Ao) (g) i?) I x'x = 1 }, 

where the map x t-^ x' is the Rosati involution induced by the polarization Aq. For 
convenience, we often also write Gi and G for their generic fibers Gi^q and Gq, 
respectively. As a well-known fact (cf. [11], [4], [33l Theorem 10.5], or [37l Theorem 
2.2]), there is a natural parametrization of A^ by the following double coset spaces 

(1.1) d : G(Q)\G(A/)/G(Z) - Gi(Q)\Gi(A;)/Gi(Z) ~ Ag 

in which the base point (Ao,Ao) corresponds to the identity class [1], where Z is 
the profinite completion of Z and Ay = Z (X) Q is the finite adele ring of Q. As the 
abelian variety Aq is defined over Fp, the Galois group Q acts naturally on the finite 
adelic group G(A/). On the other hand, the group G acts on the set .4g(Fp) of Fp- 
points, where Ag denotes the moduli space of g-dimensional principally polarized 
abelian varieties. It is easy to show that the superspecial locus Ag is invariant under 
this action fCorollarv l4.2p . Let dp : a; i— >■ xP,x S Fp, be the (arithmetic) Frobenius 
automorphism in Q. We prove the following result. 

Theorem 1.1. 

(1) The action of Q on G(A/) is given by 

(1.2) (Tp{xi)i = i7rQXi7rQ'^)i, {xt)t £ G(A/), 

where ttq G G(Q) is the relative Frobenius morphism on Aq over Fp. 

(2) The natural map d : G{Af) — !■ Ag induced by il.l]) is Q-equivariant. 

We now explain the main results of Ibukiyama and Katsura in [10 . We can 
select the base point (Aq, Aq) over Fp so that the relative Frobenius endomorphisni 
TTo G End(j4o) satisfying ttq = —p. The existence of (Ao,Ao) is known due to 
Deuring (cf. [IDl); this also follows from the Honda- Tate theory [3D]. Put U := G{'L) 
and [/(ttq) :— Uttq = ttqU. 

Theorem 1.2. ([lOl Theorem 1]) 

(1) Every member {A,X) G Ag has a model defined over¥p2. 
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(2) Let {A,X) be a member in Ag and let [x] E G{Q)\G{Af)/U be the class 
corresponding to the isomorphism class [{A,X)]. Then {A, X) has a model 
defined over Fp if and only if 

(1.3) G(Q) n xC/(7ro)a;"i 7^ 0. 

The second part of work of Ibukiyama and Katsura concerns the trace of a Hecke 
operator of Atkin-Lehner type on the space of automorphic forms on the group G. 
Denote by Mo{U) the vector space of all functions / : G{Af) — > C on G{Af) 
that satisfy f{axu) = f{x) for all a € G'(Q) and u E U. Let 'H{G,U) denote the 
convolution algebra of bi-C/-invariant functions h on G{Af) with compact support, 
called the Hecke algebra. The Hecke algebra T-L{G, U) acts naturally on the space 
Mo(J7) by the following rule: 

(1.4) h*f{x)= f h{y)f[xv)dy, iov h e H{G,U), f E Mo{U), 

JGiAf) 

where the Haar measure on G{Af) is normalized with volume one on U . Explicitly, 
if we write the double coset UyU , where y is an element in G{Af), into ViU 
and let IjjyU denote the characteristic function of UyU, then one has 

n 

(1-5) luyu f{x) =^fixyi). 

Let R{ttq) be the operator induced from the characteristic function of the double 
coset [/(ttq). 

Let T(G) denote the set of G'(Q)-conjugacy classes of maximal orders in the 
central simple algebra End°(v4o ® Fp) = End(Ao ® ^^p) ® Q which are G(A/)- 
conjugate to the maximal order End(ylo ® Fp). We can write 

r(G) = G(Q)\G(A/)/Da, 

where is the open subgroup of G{Af) that normalizes the ring End(Ao (8)Fp) (X)Z. 
The cardinality T of T(G) is called the type number of the group G, following 
Hashimoto-Ibukiyama [9]. In the case g = 1, the group G is equal to the multi- 
plicative group of the quaternion Q-algebra i?p,oo ramified exactly at {oo,p}, and 
this coincides with the usual definition of the type number, namely the number of 
conjugacy classes of maximal orders in Bp^oo- 

Theorem 1.3. ([TOl Theorem 2]) 

(1) The number of members {A, X) in Ag that have a model defined over Fp is 
equal to tri?(7ro). 

(2) We have tri?(7ro) = 2T — H, where H is the class number of G (for the 
level group U ). 

Remark that the case 5 = 1 of Theorems 11.21 and 11.31 is due to Deuring, and the 
case g > 1 is proved in 10 . 

As the main application of Theorem 11.11 we give a somehow simpler proof of 
Theorem 11.21 and Theorem 11.31 (1). Theorem 11.11 allows us to prove directly a 
statement relating the field of moduli of members in Ag (instead of the minimal 
field of definition) to the condition (jl.3|) and to the trace of the operator i?(7ro); see 
Proposition 16.21 However, this does not effect much as for any polarized abelian 
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variety {A, A) over Fp, the field of moduli always agrees with the minimal field of 
definition for {A,X); see Proposition 16.31 and Corollary 16.41 We also include an 
exposition of the proof of Theorem 11.31 (2) but in the language of adeles. As a 
byproduct, we obtain the following result (Theorem 16. 9p : this is implicit in the 
proof of [TOl Theorem 2]. According to Theorem 1 1.1[ the action of the Galois group 
G on Ag factors through the quotient group Gal(Fp2 /Fp). Let A° denote the set of 
closed points of Ag, viewed as a finite scheme over Fp. 

Theorem 1.4. The composition Ag ~ G{Q)\G{Af)/U ^ T{G), where pr is the 
natural projection, induces a bijection between the set of Ga\{¥p2 /Vp)-orbits of Ag 
and the set T{G). In other words, there is a natural bijection between the set A^ of 
closed points in Ag and the set T{G). 

In some sense we have the following equality in the "arithmetic side" 
(1.6) tr R{tto) = 2T - H 

and its mirror in the geometric side 
(1-7) \Ag{¥p)\=2\A°g\-\Ag\ 

where Ag(Fp) C Ag is the subset of Fp-rational points. Moreover, this is the term- 
by-term equality; see Theorems ll.3l and ll.4l 

The computation of the class number H is extremely difficult; see [5] for the case 
g = 2. However, if we add a prime-to-p level structure to the superspecial locus 
and form a cover Ag.i^^r of Ag, then one can compute the cardinality |Ag.i_Ar| rather 
easily using the mass formula: 

iAg,i,A.i = I Gsp2g(z/ivz)i^^^^ — n c(i - 2fc) • n {(P' + (-1)'} ■ 

lfc=i J fc=i 

See Ekedahl [H p. 159] and Hashimoto- Ibukiyama |9] Proposition 9], also cf. fSH 
Section 3] . This leads us to examine whether the analogous statement for (II. 6p and 
(jl.7p can be extended to the objects with prime-to-p level structures and whether 
all the terms can be computed explicitly. 

We first describe the Galois action on the superspecial locus with a (usual) 
prime-to-p level structure. Let A'^ be a prime-to-p positive integer. Let Ag^i.N 
denote the moduli space over Fp of g-dimensional principally polarized abelian 
varieties with a (full) symplectic level- A structure; see Section [7^ for details. Let 
^g^'* := {Ag.i^N)p\N be the tower of Siegel modular varieties with prime-to-p level 
structures, and let Ag C ^g^''(Fp) be the superspecial locus, which is the tower 
of superspecial loci Ag_i^jv C Ag^i^M for all prime-to-p positive integers A^. Let 
T^p\Ao) := Yle^pTi{Ao) be the prime-to-p Tate module of Aq; it is equipped with 
an action of Q so that we have a Galois representation 

p-.g^ G(Z(P)) c G(Ap, 

where Z^^^ :— Yie^p'^i and Ay :— Z^^'' (g) Q is the prime-to-p finite adele ring of 
Q. We fix a point {Aq, Xo,ao) £ Ag over {Ao,Xo), where ao : (Z^p))^^ ~ T<-p^Ao) 
is a trivialization which preserves the pairings up to an element in (Z^^^)^. The 
trivialization ao induces an isomorphism io 

10 : G{AP) ~ GSp2g(Ap 
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and a Galois representation pa: 

Po = i()0 P-G ^ GSp2g(A^). 
Let Q act on GSp2g(Ap by the action po'- 
(1.8) a-x^po{cr)x, yaeg,xeGSp^g{AP). 

We prove 

Theorem 1.5. There is an isomorphism (depending on the choice ofao) 

bg:A,^zo(G(Z(p)))\GSp2g(Ap 
which is compatible with the right GSp2g(A^) -action and the (left) Q -action. 

The action of the Galois group G on the finite subset Ag^i^N somehow contains a 
twist which comes from the trivialization between ^o[-^] and {'Z/NZ)'^^ . This forces 
the subset Ag^i^jv(Fp) of Fp-rational points empty when N is large. As a result, there 
are no analogous results of Ibukiyama and Katsura for A^^uv in the geometric 
side. However, the formulation of the arithmetic side extends well without any 
modification. To remedy this, we construct a new level-iV structure for members 
in Ag using the base point {Aq, Xq). This yields a cover A* of Ag on which the 
Galois action becomes well-behaved. Getting around in this way, Theorems II . 2[ [TT51 
and 11.41 can be generalized without any difficulty from the present approach; see 
Theorem 17.51 The advantage of the present formulation of increasing levels makes 
it more accessible in computing the size of the set A* jv(Fp) of Fp-rational points, 
as well as the type number with level structure (the number in Theorem 17.51 
(5)), when N is large enough. Note that we had an explicit formula for the class 
number |Ag_i^Ar| due to Ekedahl and others. 

To continue, we make an initial study of the Selberg trace formula (cf. [^) for 
the group G. What we need is to compute the trace of a certain Hecke operator 
i?(7r) on a group G with compact quotient G{Q)\G{Af). When the level group 
is small, we reduce the calculation of trace of the Hecke operator R{tt) concerned, 
to computing the size of a certain global set A/(7r), the volume of a fundamental 
domain for the centralizer G^r of tt, and a standard orbital integral which is purely 
local in nature; see Section [3] for details, especially Theorem 19.41 We remark that 
the finite set A/(7r) has an interesting cohomological meaning (see Section [9?5|) and 
one can calculate the volume of fundamental domains explicitly using the methods 
of G. Prasad ^ or of Shimura [HI- 

The method of the present paper works for more general Shimura varieties. One 
can apply it to describe the Galois action on the so called minimal basic locus 
in the mod p of a PEL-type Shimura variety in the following sense: The basic 
locus is the unique minimal Newton stratum; a basic polarized abelian variety 
{A, A, i) with an Os-action {Ob an order that is maximal at p, i.e. Ob ®'Zp is a 
maximal order, in a semi-simple Q-algebra B with a positive involution) is called 
minimal if Endos (^) is a maximal order. These are natural generalizations 

of superspecial abelian varieties. See |1B] and |1S] for precise definitions of these 
moduli spaces and basic abelian varieties. The existence of basic points is known 
due to many people in many cases (see [3D], [31], [S], [50], [5S], [3T]). The existence 
of minimal basic points can be deduced using the result [551 Theorem 1.3]. The 
parametrization of the minimal basic locus by a double coset space (similar to 
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(jl.ip ) is also available; see |37l Theorems 2.2 and 4.6]. The remaining ingredient 
for describing the Galois action is provided in the present paper. 

There have been a theory of modular forms mod p initiated by Serre 'TT and more 
generally on algebraic modular forms developed by Gross ^ . Under the framework 
of Gross' theory, Ghitza proved the Jacquet-Langlands correspondence modulo p 
between modular forms on GSp2g and algebraic modular forms on its compact inner 
form "twisted at p and oo" . He obtained this by restricting modular forms mod p 
to the Siegel superspecial locus, and used the meaning of modular forms as global 
sections of an automorphic bundle. See loc. cit. for more details. This beautiful 
result has been carried over very recently by Reduzzi |26| for the Shimura varieties 
attached to unitary groups GU{r, s) associated to imaginary quadratic fields where 
the prime p is inert. Hopefully results in the present paper or strengthened ones 
could contribute to a construction of Galois representations attached to algebraic 
modular forms expected in Gross [51 Chapter IV]. 

The paper is organized as follows. Section 2 collects elementary properties of 
schemes transformed by Galois groups. Section 3 recalls Weil's theorems on the 
descent theory for varieties. These two sections are included only for the reader's 
convenience. In Section 4 we prove that the superspecial locus is stable under the 
Galois action. The analogous results for Newton strata and EG strata are also 
obtained. Proof of Theorem 11.11 is given in Section 5. In Section 6 we show that 
results of Ibukiyama-Katsura mentioned above are consequences of Theorem 11.11 
In Section [71 we treat the situation with a prime-to-p level structure and generalize 
the results of Ibukiyama and Katsura to superspecial abelian varieties with level 
structures. The analogous results for the non-principal genus case are included in 
Section [H We abstract the properties of computing tri?(7ro) and work on the trace 
formula in a slightly more general content. As a result, we reduce the calculation 
of trace of R^tt) to certain more manageable terms when the level group is small. 

2. Preliminaries 

In this section we collect elementary properties about schemes transformed by 
Galois groups. This is only for the reader's convenience. The reader who has these 
basic concepts may skip this section. 

2.1. Let / : X — > 5 be a morphism of schemes, and let r : T — > S* be a base 
morphism. Write Xt :— X Xs T ioT the fiber product, and hence we have the 
cartesian diagram 







X 


(2.1) 




1' 




T 


S 



Suppose that X = Speci? — >■ 5* = Spec A is an affine scheme of finite type 
over A and T = Spec B is an affine scheme, where A, B and R are commutative 
rings, and the morphism t : T ~ Spec B Spec A is induced by a ring homo- 
morphism ip : A B. If we write R = A[Xi, . . . , Xn]/ {fj)j, then R^a B = 
B[Xi^ . . . , Xn]/{Fj)j, where Fj is the polynomial over B obtained by applying the 
coefficients of /_,- through the ring map ip. Therefore, we may think of Xt (for 
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general schemes T — > and general S'-schemes X ~> S) the scheme which is ob- 
tained by applying the coefficients of "defining equations" for X/S through the 
map Os —i' Ot- 

Let T' be a T-scheme. One can regard T' as an S'-scheme through the morphism 
T :T ^ S. For any T'-valued point t' of Xt, the morphism tx induces a T'-valued 
point Txt' of X: 



(2.2) 

See the diagram: 



TX ■■ Xt{T') Xs{T'). 



Txt' 




The functorial property shows that the map ()2.2p is a bijection. If 5 = Spec k, T — 
Spec K, and T' = Spec L are the spectra of fields k C K C L and X is of finite type 
over k, then Xk = X (E)kK is the "same variety" as Xk but allowing more functions 
with coefficients in K. It might be better to understand this "identification" by the 
bijection Xk{L) ~ Xk{L). We can make this "identification" more reasonable in 
the following sense. If we regard X as a functor Fx from the category of S'-schemes 
to the category of sets, then Xt is simply the scheme which represents the functor 
Fx restricted to the category of T-schemes. 



2.2. Let f : X ^ S and r : T --7> be as above. We regard X as a contravariant 
functor. Therefore, any ^-valued point s of f : X ^ S induces a T-valued point st 
of X over S: 

(2.3) X{S) ^ X{T) ^ Xt{T). 

By the functorial property of fiber products, this gives rise to a T-valued point of 
/t : Xt -> T. 

Suppose that S — Spec^ is an affine scheme. For any element a in Aut(y4), the 
group of ring automorphisms of denote by 

(2.4) "X -.^ X -Ks^a* S 

the base change of X with respect to the morphism a* : S ^ S induced by a. We 
write (7^ : "^X — X for the induced isomorphism. Notice that as schemes, we have 
a natural morphism from °X to X only. The naive Galois action on the solutions 
of X gives a mapping, through (12. 3p . 

(2.5) (7* : X{A) — ^ ^X{A). 



However, there is no natural morphism of schemes from X to °X which induces the 
map (T* in (|2.5p . 
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For any two elements cii, C72 S Aut(j4), wc have the following cartesian diagram: 



(2.6) 



l(-2/) 



/ 

6". 



It is easy to see that the following relations hold 

(2.7) al o a*, = (aicrs)*, '^'TX) = ^'^^X, and {a*2)x o icT^^^.x) = (fTiaa)^. 

As for the mapping tr*, we have the relation cri«cr2* = {uia2)* for (7i,(T2 S 
Aut(^); see below: 

(2.8) X{A) -^2^ ''^X{A) <^i<^^X(A). 

We remark that the relations and properties above still hold if we replace the au- 
tomorphism group Aut(^) by the monoid End(A) of ring endomorphisms of A. 

It might be good to include basic properties of schemes transformed by the 
automorphism group Aut(5) of the base scheme S as well, though they are exactly 
the same thing. Let / : X — >• 5 be an ^-scheme. For r € Aut(S'), denote by 

(2.9) X'':=Xxs,rS 

the base change of X with respect to the morphism t : S ^ S. We write tx ' 
X'^ — X for the induced isomorphism. 

For ri,T2 e Aut(S'), we have the following cartesian diagram: 



(2.10) 



^Xr^y. x^^ X 



n , a ''"1 



■> s. 



It is easy to see that the relations hold 

(2.11) (X-^)-= =X-l-^ and (ri)x o (r2)(x^i) = (tiTs)^. 

As mentioned before, the relations and properties above still hold if we replace 
the automorphism group Aut(S') by the monoid End(S') of endomorphisms of the 
scheme S. 



2.3. Let fx ■ X ^ S and fy ■ Y ^ S he two schemes over S. Let t : T ^ S he 
a morphism of schemes. If / : X — >■ F is a morphism of schemes over S, then we 
denote by /"^ : Xt Yt the induced morphism of schemes over T. So we have the 
following cartesian diagram 





Xj" — 


X 


(2.12) 


I'' 


I' 




Yt - 


Y. 
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Let t' : T' — > T be a T-scheme, and hence tt' : T' — >■ S" is an iS'-scheme. We have 
the following cartesian diagram 



Xj"' — y — — y 

(2.13) |(/.).' [r [f 

Yt' Yt — ^ Y, 

and the relations 

(2.14) (/-)-'=/--', rxoT'x^ = {Tr')x, and ry o = (rT')y. 

Suppose that S = Spec A and T = Spec B are afSne schemes, the morphism t : 
Spec B — ^ Spec A is induced by a ring homomorphism ip : A ^ B of commutative 
rings, and X = Speci?x and Y = Speci?y are affine schemes of finite type over 
S. Let f : X Y he a. morphism of schemes over 5", and suppose that / is given 
by an A-homomorphism a : Ry — > Rx- If we write Ry = A[Yi, . . . , Ym]/ {gi), then 
a is given by a system of polynomial functions (in fact, they are elements in Rx) 
ai , . . . , am with coefficients in A. By definition, the morphism is induced by 
the _B-homomorphism as B (S)a Ry B®a Rx- We may regard as as a system 
of polynomial functions ai,_B, . . . ,Q!m.s by applying their coefficients through the 
mapping Lp : A ^ B. In other word, the morphism /'^ : Xt — >■ Yt is simply the one 
obtained by applying coefficients of the defining polynomial functions for / through 
the mapping Os — Ct- It follows from this description that we have the following 
commutative diagram (cf. (|2.3I) ') of sets 

X{S) Xt{T) 

(2.15) 1/ |r 



Y{S) -—^ Yt{T) 
Notice that we do not have naturally a commutative diagram of schemes as follows 

X > Xt 



f 



r 



Y > Yt. 

However, in some special situation we do have such an analogue; see 

2.4. Let fx : X ^ S and fy:Y^She two schemes over S, and let tq : T ^ S 
be an 5-scheme. Let 

M HomT(XT, Yt), and H := Aut(T/5). 

We describe the action of H on the set M. Write again fx ■ Xt —>■ T and 
fy : Xt — ^ T for the base change structure morphisms. For each element r G i?, 
we have the cartesian diagram 

Xt — ~ — ^ Xt 

(2-16) 

T — ^ T. 
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If n, r2 e H, then we have the foUowing diagram (cf. ()2.10p ) 



^ (t-2)x ^ (ri)x ^ 
A.J' r r Aj 



(2.17) 



T 



T 



T, 



and the relations {ti)x ° iT2)x = {tiT2)x- 

For each element t E H and each morphism f G M, the action of t on / is 
defined to be (see Section [23]) : 



(2.18) 



r 

Yt - 



f 
Yt. 



It is easy to see (cf. dH])) that (r^Y^ = for ri,T2 G H. That is, the group 

G acts on M from the right. 

Suppose that S = Spec A and T = Speci? are afhne. Let H* := AutA(-B) be the 
group of yl-automorphisms of B. For each element a € H* and / G M, the action 
of tJ on / is defined to be cr(/) := (see (|2.6|) ') in the cartesian diagram: 



(2.19) 



Yt 



^ Xt 
f 

-> Yt. 



It is easy to see (cf. (|2.6|) ) that o-i(cr2(/)) = (o-i(T2)(/), for (Ti,(T2 G H* . That is, 
the group H* = Autyi(i?) acts on the set HomB(X (8)^ i?. Y (E)a B) from the left. 



3. The Field of definition of varieties, following Weil 

In this section we review the theory of the field of definition of varieties. We 
follow the well-known paper by Weil [32]. We fix a universal domain i7, which is, 
by definition, an algebraically closed field that has infinite transcendence degree 
over its prime subfield. All fields considered in this section are subfields of Q,. By 
an variety over a field k we mean a scheme of finite type of k that is geometrically 
irreducible. Let fc/fco be a field extension; we say a variety V over k is defined over 
fcg if there is a variety Vq over fco and there is an isomorphism / : Vq (8>feo ^ — ^ 
of varieties over k. In this case, the pair (Vb, /) is called a model of V over fco- In 
the classical language of algebraic geometry due to Weil [35] , a generic point of a 
variety T over a field fc is understood to be a geometric point t E T{il,) with the 
following property: suppose U = Spec ^ C T is a fc-open affine subvariety, where 
A is a finitely generated fc-algebra, so that the geometric point t factors through 
t : Spec n ^ U, then the induced ring homomorphism A — )• £7 is monomorphism. 
We call another generic point t' is independent of t if t' is a generic point of the 
variety T k{t) over k{t). 
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3.1. Finite separable field extensions. Let k he a, finite separable extension of 
a field kQ, and let y be a variety over k. Let feg be the algebraic closure of feg, 
and let J := Houikoik, fco) be the set of field embeddings of k into ko over ko. The 
Galois group Qkg := Gal(fco/fco) acts naturally on the finite set 3 from the left: For 
(T G J and lu G Gko i set Loa — uj o a. For each element cr G J, we write 'T^ for the 
variety V ®k,cT ko over ko. Suppose that there is a variety Vb over fco and there is 
an isomorphism / : Vo '^ko fc — of varieties over k. For each cr G J, we have an 
isomorphism '^f : Vo Vo <^ka V over ko- Then, for ct, r G 3, we have an 

isomorphism 

fr,a 7° (7)"' : 'V^ V 
of varieties over /cq- It is easy to check that the morphisms fr^a- satisfy the following 
conditions: 

(i) /r.p = fr.a ° fa.p for all T,a,pe 3. 

(ii) fLUT.Lua = w(/r,<T) for all r, ct G 3 and uj e Gko- 

Conversely, Weil showed that these necessary conditions are also sufficient for V 
over k to have a model (Vq, /) over ko, provided that V is quasi-projective over k. 

Theorem 3.1. (Weil (321 Theorem 3]) Notations as above. Assume that V is 
quasi-projective over k, and that for each pair of elements t, cr G 3, there is an 
isomorphism fr^a : °V — >■ such that the conditions (i) and (ii) are satisfied. 
Then there is a model (Vq,/) ofV over ko, unique up to an isomorphism over ko, 
so that fr,a ^ "'fo (7)"\ for all T,a g3. 

Moreover, if V is quasi-projective (resp. affine), then the variety Vo is quasi- 
projective (resp. affine). 

If the extension fc/feg is Galois, letting a^, := fcr,i : V — "T^, then the conditions 
(i) and (ii) are equivalent to the 1-cocyle condition a-ra = T{a„) o for all r, cr G 
Gal(fc/fco): 



V - — 9- ^ — 9- ^°y. 

3.2. Regular field extensions. Let now k denote the ground field. Let T be a 
variety over fc, and let i be a generic point of T over k. Let Vt be a variety over 
k{t). If t' is also a generic point of V over fc, then we write Vf for the variety 
Vt ®k(t),<y k{t') over k{t'), where tr : k{t) — > k{t') is the /c-isomorphism that sends t 
to t' . If /t : Vt — > Wt is a morphism of varieties over k{t), then we write ff for the 
induced morphism from Vf to Wf over k{t'). If ft'^t ■ Vf.t — ^ Wt\t is a morphism 
of varieties over k(t,t') and t" is another generic point of T over fc, then we write 
ft",t' for the induced morphism 

Vr,t ®k(t,t'),a k{t\t") -> Wt'^t ®k(t,t'),a k{t',t") 

over k{t',t"), where a : k{t,t') ~ k{t',t") is a /c-isomorphism that sends {t,t') to 
{t',t"). 

Suppose that there are a variety V over k and an isomorphism ft : V^(8ifcfc(t) ~ Vt 
over A;(t). Then for any generic point t' over T over fc, the morphism 

ft',t /t' o /r' : Vt ^ 
is an isomorphism over k{t, t'). It is easy to check that the following property holds: 
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(i) We have ft",t — ft".t' ° ft',t, where t" is a generic point of T (8)^ k{t,t') over 
k{t,t'). 

Conversely, Weil showed that this necessary condition is also sufficient for the 
variety Vt over k{t) to have a model (V, /) over k. 

Theorem 3.2. (Weil [32j Theorem 6]) Let T, t, Vt be as above, and let t' he a generic 
point ofT over k independent oft. Suppose there is an isomorphism ft',t '■ Vt — Vf 
over k(t,t') such that the condition (i) holds. Then there is a model {V, ft) of Vt 
over k, unique up to an isomorphism over k, so that ft\t = ft' ° ft^^- 

Note that the assumption that Vt is quasi-projective as in Theorem 13.11 is not 
required here. 

3.3. As to whether the model obtained in Theorems 13 . 1 1 and 13 . 21 admits a projective 
or affine embedding, Weil showed the following theorem 

Theorem 3.3. (Weil [311 Theorem 7]) Let K be a finitely generated field extension 
of k, and let V be a variety over k. If V ®k is quasi-projective (resp. quasi- 
affine) over K, then V is quasi-projective (resp. quasi-affine) over k provided (i) 
K is separable over k or (ii) V is normal. 

4. Abelian varieties in characteristic p 

4.1. Let S be an Fp-scheme, and let fx '■ X S be an S'-scheme. Denote by 
Fs : S S (resp. Fx ■ X — )■ X) the Frobenius morphism on S (resp. on X), which 
is obtained by raising to the p-th power on its functions. Denote by 

-.^X Xs,Fs S 

the base change of X with respect to the morphism Fs. Let Fx/s be the relative 
Frobenius morphism of X over S, which is defined by the following diagram: 




Let /y : y — > 5 be an S'-scheme, and let / : A — > F be a morphism of schemes 
over S. We write J^^' for the morphism A^^^ — F^^^ induced by the base change 
morphism Fs : S ^ S. Hence, we have the cartesian diagram and commutative 
diagram 



(4.2) 



x(p) - 
y(p) _ 



A 



Y 



"Y/S 



y(p) 



Notice that the later diagram is not necessarily cartesian. If we write Frobp for the 
Frobenius map Os — > Os raising to the p-th power, then we also write Frobp{f) 
for /(P). 
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4.2. Let A be an abelian variety over a perfect field k of characteristic p. Let 
M*{A) be the classical contravariant Dicudonnc module of A. Let W{k) be the 
ring of Witt vectors over k, and let cTp be the Frobenius map on W{k). If X is a 
perfect field containing the field fc, then we have 

(4.3) M*iA®kK) = WiK)®w(^k)M*iA). 
In particular, we have 

(4.4) Af*(A(f)) = W{k) (E>w(k),a, M*{A) 

By definition, the Frobenius map F on AI*{A) is given by the composition of the 
(W^(A:)-linear) pull-back map 

F;./^ : M*{A^P'>) M*{A) 

and the dp-linear map 

1 ® id : M*{A) ^ W(k) <E>w(k),a, M*iA) = M*{A'^p'>). 

Proposition 4.1. Let X be a p-divisible group over an algebraically closed field k 
of characteristic p, and let a he an automorphism of the field k. 

(1) The p-divisible groups X and °'X have the same Newton polygon. 

(2) The p-divisible groups X and '^X have the same Ekedahl-Oort type. That 
is, there is an isomorphism X[p] ~ "^^[p] of finite group schemes over k, 
where X[p] denotes the finite subgroup scheme of p-torsions of X . 

(3) // X is superspecial, then so '^X is. 

Proof. (1) Let Xo be a p-divisible group over ¥p which has the same Newton 
polygon as X does. Choose an isogeny ip : Xq X over k. Then we have 

X Xo = "Xq — "X 

Spec k 

This shows that there is an isogeny between the p-divisible groups X and °'X. 

(2) According to the classification of the truncated BT groups of level 1 (see [22]), 
there is a p-divisible group Xq over Fp such that an isomorphism X [p] ~ Xq [p] over 
k exists. Applying the automorphism a on this isomorphism, we get an isomorphism 
''X[p] ~ ''XqIp] = Xo[p] over k. This proves (2). 

(3) Since X is superspecial, we have FM*{X) = VM*{X). This yields that 
FM^'C^X) = VA-r-C^X). Therefore, the p-divisible group '^X is superspecial. | 

Recall that Ag denotes the moduli space of g-dimensional principally polarized 
abelian varieties, and that Ag C Ag{¥p) is the finite subset consisting of superspecial 
abelian varieties. For any abelian variety A over a field of characteristic p, we write 
A{£) := for the associated ^-divisible group, and Ti{A) for the Tate module 

module of A in the case £ ^ p. 

Corollary 4.2. The action of the Galois group Q :— Gal(Fp/Fp) on the the set 

Ag{¥p) leaves the superspecial locus Ag invariant. 
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4.3. Let Aq be an abelian variety over Fp. Let ttq be the relative Frobenius mor- 
phism on Aq over Fp. Let dp be the arithmetic Frobenius element of the Galois 
group g. 

Proposition 4.3. Notations as above. 

(1) For any endomorphism f G End|; {Aq (g) Fp) of Aq <E) Fp, we have the com- 
mutative diagram of abelian varieties over Fp 

Ao<^¥p — ^ Ao(8)Fp 

(4.5) jii-o jiro 

Ao®¥p AQ®¥p. 

(2) For any prime i and any endomorphism f of the (-divisible group Aq(£)<Si¥p, 
we have the commutative diagram of i-divisible groups over Fp 

AoW®Fp — ^ Ao{i)(g)¥p 



(4.6) |. 



AQ{e)(E)¥p Ao{£)(g>¥p. 

(3) For any prime £ ^ p, any endomorphism f of the Tate module Te{Ao) and 
any element a £ Q , we have the commutative diagram of Tate modules 



(4.7) 



T,{Aq) T,{Aq) 



T,{Aq) T,{Aq). 



Proof. The statements (1) and (2) follow immediately from the second commuta- 
tive diagram in (|4.2p . The statement (3) follows immediately from the commutative 
diagram ()2.15p by letting S = T = SpecFp and t ~ a* and taking the projective 
limit. I 

4.4. An example. We show that there is a p-divisible group X over an alge- 
braically closed field k such that X is not isomorphic to "^X for some automorphism 
(7 of /c. Let Eq be a supersingular p-divisible group of rank 2 over Fp2 such that 

the relative Frobenius morphism (from Eq — !■ Eq = Eq) is equal to the morphism 
[~p]. Let Xq:= E^. The functor 

V : (Fp2-schemes) ^ (sets), V{T) := HomT(ap xT,XqX T) 

is representable by the projective line over Fp2. Since any morphism Lp € 
HoniT (ctp X T, Xq X T) factors through the morphism {ap x Up) x T — Xq x T, the 
group Endp 2 (o^p)^ — GL2(Fp2) acts naturally on the projective line from the left. 
For any point 93 = [a : 6] G P^(A;), we write X^a-.b] for the quotient p-divisible group 

XQ/ip{ip). 

Lemma 4.4. Two p-divisible groups X^a-.t] OLi^d X\^a':b'] isomorphic over k if 
and only if there is an element h G GL2(Fp2) such that h[a : b] — [a' : b']. 
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We leave this as an exercise to the reader. Take k ~ ¥p{t). Let 6 e fc be any 
element such that [1 : b] ^ GL2(Fp2)[l : t]. Let cr e Aut(fc) be an automorphism 
which sends t to b. Then the p-divisible group °^[i:t] — ^[i-.b] is not isomorphic to 
^[i:t] over k. 

4.5. Relationship between p-divisible groups X and °'X. Let c,d be two 

positive integers. Let p-di\-{d, c){k) be the set of isomorphism classes of p-divisible 
groups X of dimension d and of co-dimension c over a field k of characteristic p. 
By a p-adic invariant we mean the association to the equivalence class for an 
equivalent relation ^ on p-Aiw{d,c){k) that is defined using the morphisms i^™, 
1^" and [p^], for some integers m,n,r. For any two p-divisible groups Xi,X2 G 
p-div{d, c){k), we write V'(-'^i) = '4'{^2) if -'^i ^ -^^^2- Examples of equivalence 
relations (over an algebraically closed field) are: 

(i) Define Xi ^ X2 if Xi is isogenous to X2. In this case, the p-adic invariant 
ip is the association to X its Newton polygon NP{X). 

(ii) Define Xi ~ X2 if there is an isomorphism Xi[p] ~ ^2[p]- In this case, the 
p-adic invariant ip is the association to X its EO type ES{X); see Oort [H] 
for detail descriptions of EO types. 

(iii) Define Xi ~ X2 if there is an isomorphism Xi ~ X2. In this case, the 
p-adic invariant i/j is the association to X the isomorphism class of itself. 

A p-adic invariant -0 is said to be discrete if the image 

*(fc) {i'iX); X e p-div(d, c)(fc) } 

is finite for any algebraically closed field fc D Fp. The p-adic invariants in (i) and 
(ii) are discrete, while the p-adic invariant in (iii) is not. 

Theorem 4.5. Let-tp be a discrete p-adic invariant on the set p-di-v{d,c){k), where 
k is an algebraically closed field of characteristic p. Then there is a p-power integer 
q G N such that 

i,{X) = ^jCX) 
for all X e p-div(d, c)(fc) and a € Gal(fc/Fg). 

Proof. Since V' is discrete, there is a p-power integer q G N such that for any 
X g p-div(d, c)(fc), there is a p-divisible group Xq over F, such that 

V'(X) = V(Ao k) 

(otherwise ^(Fp) would be infinite). We apply any element a E Gal{k/¥q) and get 
tpi'^X) — ip{Xo (g)F^ k). Then the assertion follows. | 

Due to a counterexample in Section Theorem 14.51 seems to be the best we 
can hope for about the relationship between the p-divisible groups X and "X. 

5. Galois action on Ag and Proof of Theorem 11.11 

5.1. Let Aq — (Aq, Aq) be a ^-dimensional superspecial principally polarized abelian 
variety over ¥p. Recall that to the polarized abelian variety Aq we associate two 
group schemes Gi G G over Z as follows. For any commutative ring R, the groups 
of their i?- valued points are defined as 

GiR) (Endp^(Ao«)Fp)0i?)^ Ix'TeR""}, 
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Gi{R) := {x e (Endp^(Ao (g) Fp) (g) i?)^ | x'a; = 1 }, 

where the map x i— >■ a;' is the Rosati involution induced by the polarization Aq. 
Let V : G ^ be the multiplier character; we have "kevv = Gi. Recall that Up 
denotes the arithmetic Frobenius element in the Galois group Q — Gal(Fp/Fp) and 
TTo is the relative Frobenius morphism of Aq over Fp. 

Lemma 5.1. We have ttq G G(Q). 

Proof. Choose any prime V- The polarization Aq induces the Weil pairing eg : 
Ti{Aq) y.Ti{Aq) — > Z^(l), which is t/-equi variant. Then we have (cf. Proposition l4.3l 
(2) and (3)) 

ee{'rrx,Try) = eeXapX,apy) = pei{x,y). 
Since G(Q) C G{Qe), this shows that ttqTTo = p and hence the lemma. | 

Proposition 5.2. The action of G on G(Af) is given by 

(5.1) crp{xi)i = {TToXiTr^^)i, {xi)i E G(Af). 

Proof. It suffices to show that for any prime £ (including p), the action of G on 
End(Ao ® Fp) (g) is given by 

(5.2) ffpXi ~ TTaXiTTQ^, xe S End(Ao (g Fp) ® Zg. 
Since Aq is supersingular, we have the natural isomorphism 

End(Ao g) Fp) g) Z£ ~ End(A(^) g) Fp). 
The relation (|5.2I) then follows from Proposition l4.3l (2). This shows the proposition. 
I 

5.2. We now describe the map 

di :Gi((Q)\Gi(A/)/Gi(Z)~A<, 
and show that it is t/-equivariant. We introduce the following notations. 

Notations. Let k be any field. Let £ be a prime, not necessarily invertible in 
k. For any object A = {A,X) in Ag over fc, we write A{i) := {A,X)[£°°] for 
the associated ^-divisible group with the induced quasi-polarization. For any two 
members A-^ — {Ai,Xi) and A2 = (^2, A2) in Ag over k, denote by 

• lsogi^{A^, A2) (resp. lsomk{Aj^, A2)) the set of quasi- isogenies (resp. isomor- 
phisms) If : Ai A2 over k such that ip*X2 — Ai, and 

• Isog^{Ai{i) , A2{£)) (resp. lsomk{Ai{£),A2{£))) the set of quasi-isogenies 
(resp. isomorphisms) (p : Ai[£°°] — )■ j42[£°°] such that ip*X2 = Ai. 

Proposition 5.3. Let {(t>e)e G Gi{Af) be an element. Then there exist 

• a member A = (A, A) G Ag determined up to isomorphism, 

• a quasi-isogeny (j) G Isogp {A,Aq), and 

• an isomorphism ae € Isomj {Aq(£) , A{£)) for each £ 

such that (j)e = (j) o ae for all £. Moreover, the map di : Gi(A/) — >■ Ag which sends 
{4>e)i to the isomorphism class [^] induces a well-defined and bijective map 

di : Gi(Q)\Gi(A/)/Gi(Z) ~ Ag. 
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Proof. See [33l Theorem 10.5] or ^321 Theorem 2.2]. 

Let {(j>e)i G Gi{Af) be an element, and let A, (j>, on be as above. Applying an 
element a in C/, we get 

a(0) G Isogp^(^A4o), ^(a^) e Isomr^Uo(^),'^A(£)) 

and 

a{(\)i) = G{(fy o o{ai), 'it. 

This yields di((7((/)£)£) = ["M.], and hence the map di is ^-equi variant. 

The inclusion Gi(Ay) — > G{Af) is C/-equivariant and it induces a CJ-cqui variant 
bijection 

Gi(Q)\Gi(A/)/Gi(Z) ~ G(cQ)\G(A/)/G(Z). 

Let 

d : G(A/) ^ G(Q)\G(A/)/G(Z) ~ Gi(Q)\Gi(A/)/Gi(Z) ^ Ag 
be the composition. We have shown 

Proposition 5.4. The induced map d : G(A/) — )■ Ag is Q-equivariant. 

Theorem 1 1.1 1 is proved. 

5.3. Relation with the Atkin-Lehner involution. Let Aq = (Ao,Ao) be as in 
Section [5TT1 Assume that the relative Frobenius morphism ttq satisfying ttq = —p. 
Such an object exists; for example, see [101 Section 1], or apply the Honda- Tate 
theory to the Weil number ^/— p (see [3^). Let Bp^oo denote the quaternion algebra 
over Q ramified exactly at p and oo. For a suitable identification End(Ao(8)Fp)(8)Q ~ 
Mg{Bp^ao) C M2g{Q{y/—p)) with respect to the Rosati involution, the element ttq 
is represented by the matrix 

where Ig is the g y. g identity matrix. The action of Frobenius element Up on 
G(Q)\G(A/)/G(Z), according to Proposition l5.2[ is an involution of Atkin-Lehner 
type. 

6. Proof of Theorems 11.21 and 11.31 

From now on, we fix the base point (Aq, Aq) over Fp so that Aq — £'q, where Eq 
is a supersingular elliptic curve over Fp satisfying tt"^^ = —p, and Ao is the product 
of copies of the canonical polarization on Eq- Let G be the group scheme over Z 
associated to the polarized abelian variety {Aq, Aq) as in Section 1 (and Section lOT) . 

6.1. Proof of of Theorems [HU and [IIl(l). 

Proposition 6.1. Every member {A, A) in Ag has a unique model defined over¥p2, 
up to isomorphism over Fp2, such that the quasi- is ogeny <j) in Provosition 1 5. 3\ can 
be chosen defined over ¥p2 . 

Proof. This refines [lOl Lemma 2.1]. Let {(pi) e Gi(A/) be an element such that 
the class [{(pe)] corresponds to {A, A). Let <j> and for all £ be as in Proposition lS.BI 
If (T G Gal(Fp/Fp2), then by Theorem 1 1.1 1 we have a{4>) o (j{ai) — (po ai, and hence 
(pa := (p~^oa{(p) : {''A^'^X) -J> {A, A) is an isomorphism. For cr, r g Gal(Fp/Fp2), put 
J^ ,j — (p:^^ o (pa : { M, '^A) ~ (M, "^A). Then it is easy to check that the conditions 
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(i) and (ii) of Theorem [SH] for fr.a are satisfied. Therefore by Weil's Theorem, there 
are a model (^i,Ai) over Fp2 and an isomorphism / : (^i,Ai) (Eif^2 — ^) 
such that (j)a — f ° We get a{(j) ° J) = (f) ° f , and hence (f)i := o / is a 

quasi-isogeny in Isogp ^ (A^, Aq) 

Suppose that (v42,A2) is another model over Fp2 of A) such that the set 
Isogp 2(^12,^0) is non-empty. Then we can choose 02 G Isogj' 2(^21^10) such that 

4'2^4'i • Ai ~^ A.2 is isomorphism, which is defined over Fj,2. This shows the 
proposition. | 

Let Kg denote the coarse moduli scheme over Fp for the moduli space Ag. We 
also regard C Ag as the closed subscheme over Fp with the induced reduced 
structure. Therefore, for any subfield fco of Fp, the set Ag(fco) of /cg-points in 
Ag equals the subset of fixed elements by Gal(Fp/fco), or the same, the subset 
consisting of objects A) in Ag whose isomorphism classes are defined over fcg. 
This particularly defines the subset Ag(Fp) of Ag. 

It follows from Theorem 11.11 that Ag (Fp2 ) = Ag . Proposition 16.11 allows us to 
identify Ag (Fp2 ) with the set of isomorphism classes of g-dimcnsional superspccial 
principally polarized abelian varieties (Ai,Ai) over Fp2 (classified up to isomor- 
phism over Fp2, not over Fp) such that the set Isogp ^{^A.\tA.q) (see Section Wf2\ 
is non-empty. We shall call the unique model A-^ obtained in Proposition 16.11 the 
canonical model of {A, A) over Fp2 . Note that if A-^ is a canonical model over 
Fp2, then the relative Frobenius morphism nj^^/f ^ is equal to —p and hence every 
endomorphism in Endj (Ai) is defined over Fp2. 

Recall that U := G{t) C G(A/) and U{-kq) := [/tto ttqU C G(A/) are open 
compact subgroups. 

Proposition 6.2. 

(1) Let {A,\) he a member in Ag and let [x] £ G{Q)\G{Af) /U be the double 
coset corresponding to [(A, A)]. Then {A, A) lies in Ag(Fp) if and only if 

(6.1) G(Q) n xC/(7ro)x"i 7^ 0. 

(2) We have |A(Fp)| = tri?(7ro). 

Proof. (1) The isomorphism class of (^, A) is fixed by exactly when [x] = 
[ttoxttq^] — [xTTo]. Therefore, there are some elements u € U and a S G{Q) such 
that X — axTTQU. We get a^^ — xttqux"^. This is equivalent to the condition (j6.ip . 

(2) By Theorem ll.il R{ttq) is the operator induced by the action of u"^. There- 
fore, the number of fixed points of cTp is equal to tri?(7ro). This shows the proposi- 
tion. I 

Proposition 6.3. Let {A,X) be polarized abelian variety overFp, and suppose that 
the field of moduli of (A, A) is Fpa . Then (A, A) has a model defined over ¥pa . 

Proof. Put q :— p°- and let a : x x'' be the Frobenius automorphism in 
Gal(Fp/Fg). Suppose {A, A) has a model (^1, Ai) defined over Fgc for some positive 
integer c divisible by a. Increasing c if necessary, we may assume that End|; (A) = 
EndFpc(^i). Under the assumption, there is an isomorphism 

a, : (A,A)~ (M, ^A) 
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of polarized abelian varieties over Fp. Let 

ba cr''-'^{aa) ■ ■ ■ cr{a„)a„ : (A, A) {A, A) 

be the composition. Since ba is an automorphism of {A, A), it is of finite order, say 
¥^ = 1 for some m > 1. It follows from End(A) = End(Ao) that (t=(&^) = b^. We 
get 

(6.2) a"'''\a.) ■ ■ ■ a{aa)aa ^ 1. 

Define a^n :— ij{a„n-i )a„ recursively. The collection of automorphisms a„n satisfies 
the 1-cocyle condition for the Galois extension F^mc/Fg, by (|6.2p . Then by Weil's 
criterion (Theorem l3.ip . there are an abelian variety A' over F^ and an isomorphism 
/ : A' Fp ~ such that a„ = (j{f) o /-i. Set A' := /*A =. Using A = a%(j{\), 
we get 

A' = fXf = /*(a>(A))/ 

= fa'MX)a,f = a{f)a{X)a{f) = a(A'). 
This shows that {A', A') is a model defined over F^ of {A, A). | 

Corollary 6.4. Let A) be a member in Ag. If the field of moduli of {A,X) is 
equal to Fp, then (A, A) has a model defined by Fp. That is, the set Ag{¥p) C 
consists of objects that have a model defined over Fp . 

Theorems ll.2l and ll.3l fl) follows from Propositions 16.11 16.21 and Corollarv l6.4l 

We remark that the same proof of Proposition 16.31 also shows the following gen- 
eralization: 

Proposition 6.5. Let (X,^) be an (irreducible) variety over ¥p together with an 
additional structure ^ which is defined algebraically. If the automorphism group 
Autp (X,^) is finite and assume that the Weil descent datum for (X,^) is effective, 
then {X, ^) has a model defined over the field of moduli of {X, ^) . 

When X is quasi-projective and ^ is a polarization (an algebraic equivalence 
class of an ample line bundle) and/or a morphism in Mor(X™, X"), where X™' = 
X X/, - ■ ■ XkX is the to- fold fiber product of X, the assumption of the Weil descent 
datum holds for {X, ^) . 

6.2. Proof of Theorem 11.31 (2). Let D be the group scheme over Z which rep- 
resenting the following functor 

where i? is a commutative ring. In particular, D{Qp) ~ {Bp oo ® Qp)^ ■ We regard 
Z) as a subgroup scheme of G through the diagonal embedding. Let Z be the center 
of G. 

Lemma 6.6. 

(1) For any prime i p, the subgroup Ni of G(Q^) which normalizes the 
maximal order End|; {Aq) (g) is Z{Qi)G(Zi). 

(2) The subgroup Np ofG{Qp) which normalizes the maximal order Endf {Ao)(^ 
Zp ts D{Qp)G{Zp). 
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Proof. We sketch the proof; the omitted part is mere straightforward computa- 
tion. Put Hi := Z{Qi)G('Li), for i^p, and Hp := D{Qp)G(Zp). It is clear that the 
group Hy normaUzes the order Oy := Endj (Aq) ® Z^. It suffices to show that any 
element g in Ny/Hy is the identity class. By the Iwasawa decomposition, we have 
G{Qv) = P{Qv)G{Zy), where P is the standard minimal parabolic subgroup over 
Qy. We may assume that a representative gi (resp. gp) is a upper triangular matrix 
in G(Qf) C M2g{Qi) (resp. in G(Qp) C Mg{Bp^oo<»Qp)- Let Eij denote the matrix 
in which the (z, j)-entry is 1 and others are zero. It follows from gyEijg~^ S Oy for 
all i,j (by looking at its (i, j)-entry) that the diagonal entries of gy have the same 
valuation. Modulo Hy^ we may assume that gy lies in the group of upper triangular 
unipotent matrices. It follows from gyEiig~^ G Oy for all i that every entry of gy 
is integral and hence gy G GCZy). This shows the lemma. | 

Remark 6.7. One can also use the Cartan decomposition to show Lemma 16.61 

Let U be the open subgroup of G{Af) generated by the open compact subgroup 
U and the element ttq. Since ttq normalizes U and tt™ ^ U for m 7^ 0, we have 

U= [j C/tt™, (disjoint). 

mez 

Consider G(Q) as a subgroup of G(Q„) for each place v and identify ttq with its 
image in G{Qy). Note that ttq G G{Ze) for i ^ p, and ttq G D{Qp), which is also a 
uniformizer of the division quaternion algebra Bp, 00 ® Qp- We have 

U = UpxUP, C/p - U G(ZpX' - i?(Qp)G(Zp), 
where (7^ = Jlf^p G(Z,). 

Corollary 6.8. Notations as above. The natural map 

G{Q)\G{Af)/U ^ r(G) - G{Q)\G{Af)/m 

is bijective. 

Proof. By Lemma we have 

G{Q)\GiAf)/m = G{Q)\G{Af)/{Up x Z(A^)f/f), 

where is the ring of prime-to-p finite adeles of Q. The latter is equal to 

G(Q)({1} X Z(Ap)\G(A;)/(c7p X U^) = G(Q)({1} x Z(ZP))\G(A;)/{7. 

Since Z(Zp) C UP, the latter is equal to G{Q)\G{Af)/U. This finishes the proof. 
I 

Theorem 6.9. The natural projection pr : G{Q)\G{Af)/U = Ag — > T(G) induces 
a bisection between the set of orbits of Kg under the action 0/ Gal(Fp2/Fp) with the 
set T{G). 

Proof. By Corollary 16.81 the map T{G) is simply the projection map 

pr : G(Q)\G(A/)/C/ ^ G{Q)\G{Af)/U, and the Frobenius CTp = a'^ acts as 
[x] H> [xTTo] for X G G{Af). Since ttq normalizes ?7, we have pr([x]) — pr([x7ro]). 
Suppose pr([a;]) — pr([t/]) for x,y G G(A/). Then y = axir^u for some m G Z, 
u G U and a G G(Q). Since ttq = — p is in the center, we may assume m = or 1. 
Then [y] — [xtt™] for m = or 1. This completes the proof. | 
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Let Ag :— A(FpY be the complement of A(Fp) in Ap. Theorem 16.91 shows that 

(6.4) ^\A'^\ + \AM\=T. 

By \Ag\ = \A'g\ + \Ag{Wp)\ and tri?(7ro) = |Ag(Fp)|, we get 

tri?(7ro) =2T- H. 

Theorem 11.31 (2) is proved. 

Remark 6.10. We discuss a bit some relationship between Proposition 16.11 and 
Corollary 16.41 We call a model {A\X') over ¥p of a member (A, A) in Ag(Fp) 
nearly canonical if the set Isog^ '— o) non-empty, that is, the base change 
{A', A') (E)¥j, Fp2 is the canonical model over Fp2 in the sense of Proposition 16. II We 
do not know whether or not any member {A, A) in Ag(Fp) admits a model over Fp 
which is nearly canonical. The object {A, A) admits a nearly canonical model over 
Fp if and only if one can choose an automorphism : {A, A) ~ ( '^pA, °'pA) such 
that crp{a^^)a^^ ^ 1. 

On the other hand, it is possible that an object in Ag(Fp) may admit a model 
over Fp which is not nearly canonical. We give an example. 

Consider the case g — 1- Take a supersingular elliptic curve E over Fp such that 
its Frobenius endomorphism tte does not satisfy tt^ + p — (this is only possible 
when p ^ 2 or p — 3). Then E is not a nearly canonical model in its isomorphism 
class over Fp. However, when p > 3 every elliptic curve over Fp is a nearly canonical 
model in its isomorphism class over Fp. 

7. Variants with level structures 

In this section, the ground field for abelian varieties, if not specified, is always 
Fp. 

7.1. We keep the notations as before. Let iV be a prime-to-p positive integer. Let 
Uf; be the kernel of the reduction map G(Z(p)) G{Z/N1), Up := G(Zp), and 
Un := Up X U^, where Z^f) := Hippie- 

Denote by A* ^ = A* ^(Fp) the set of isomorphism classes of objects {A, A, r]^) 
over Fp, where 

• {A, A) e Ag{¥p) is a superspecial point, and 

• riN ■ ^o[-^] — A[N] is an isomorphism over Fp such that there is an auto- 
morphism C € Autjp: (/iAf) = (Z/iVZ)^ such that 

(7.1) ex{v{x),v{y)) ^ Cexo{x,y), Vx, y g Ao[iV], 

where ex ■ A[N] x A[N] — > ^at denotes the Weil pairing induced by the 
polarization A. 

Two objects (^, A,77Ar) and (^',A',77^) are isomorphic, denoted as (^, A,77Ar) ~ 
{A', X',r]'j^), if there is an isomorphism ip : A ^ A' such that ip*X' — \ and (p^rj^ — 
v'n- '^^^^ above a level-N structure on (^, A) with respect to Aq (over Fp). 
For any prime i, let 

Glsom{Ao{i),A{£)) 

denote the set of isomorphisms 77 : Ao[^°"] — !• j4[i?°°] (over Fp) such that 77* A = C,Xo 
for some C G Z^ ; it is a right G(Z£)-torsor (The word "G" stands for preserving the 
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(quasi-)polarizations up to scalars. Compare the definitions Isog(-, •) in Section [5.2l 
and G-isog(-, •) in Section [7^ . For such rj, one has 

(7.2) exiriix),v{y)) = CeXoix,y), Va;,y e Ao[n, Vm > 1 e Z. 

If 1] is an element in Yl^ GIsom{AQ{£) , A{£)) , where £ runs over all primes in Q, then 
the restriction »7|ao[w] of r] to Ao[A^] is a level-iV structure on A) with respect 
to Aq. Conversely, we have 

Lemma 7.1. Any level-N structure r]N on a superspecial object {A, A) with respect 
to Aq can be lifted to an element rj in Y[( Glsom{AQ{£) , A(£)) . 

Proof. We may assume that iV = ^"^ is a power of £ and show that ryjv can be 
lifted in Glsom{A(f{£) , A{£)) , where £ ^ p- Since Aq(£~) is isomorphic to A(£)., we 
may also assume that A = Aq. We have End(Ao) — End(Ao(i')), and hence 
G(Z^) = GIsom(Ao(£), Ao(£)). On the other hand, the group G{Z/£'"^'L) consists of 
elements (f G End(Ao(^))(g)(Z/^™Z) such that if'(f = (e (Z/f™Z)^ . We shaU show 
the natural map End(Ao(^)) (g) Z/£"^Z End{Ao[£'^]) is an isomorphism. It then 
follows that G{Z/£"^Z) is isomorphic to the group of elements 77 G End(Ao[r"]) 
such that ^fe\g = (e\g for some ( E (Z/^™Z)^ . It follows from the smoothness of 
G that the reduction map G{Ze) G(Z/£™Z) is surjective. Therefore, the element 
77 can be lifted to an element ip G Glsoin{AQ{£) , Aq{£)) . 

Since £ 7^ p, we have End{Ao{£)) = End(ri;(Ao). Since Ti{Ao) is a finite free 
Zf-module, we have 

End{Te{Ao)) (g) Z/f"Z = End{Te{Ao) /£"'Te{Ao)) = End{Ao[£"']) . 

This proves the isomorphism End{Ao{£)) (g) Z/£™Z ~ End(Ao[£™]) and hence the 
lemma. | 

By Lemma [731 each level- iV structure 77 at on {A, A) uniquely determines a, Un- 
orbit 

M e nGIsom(Ao(£), AW) hU„[^] = 

I 

in the G(Z)-torsor ]\^ Glsom{A^{£) , A(£)) . 

Remark 7.2. (1) One can define the notion of level- iV structure on an object (A, A) 
in Kg with respect to A^ as above without the assumption {p,N) — 1. How- 
ever, Lemma [7.11 fails if p\N because the natural map End{Ao{p)) (E) Z/p'"Z — > 
End(Ao[p™]) is not an isomorphism. For example, let Eq be a supersingular elliptic 
curve, then End(i?o[p]) is the algebra 

which is not equal to End(ylo) (g) Z/pZ. 

(2) For any positive integer TV, we call an element 



We 



nGIsomUo(£),A(£)) 



N 



an (Ag, UN)-level structure on the object (A, A) (see [371 Section 2.2]). This is a bet- 
ter notion of level- iV structure on A. For any subfield ko of Fp, an object {A, A, [77]) 
over fco is defined to be an superspecial principally polarized abelian variety {A, A) 
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over fco together with an (Ag, C/Ar)-level structure [rj] on {A, A) ^¥p which is invari- 
ant under the Gal(Fp/fco)-action. One can prove that if the isomorphism class of 
an objective (A, A, [77]) over Fp is defined over ko, then {A,X, [77]) admits a model 
{A', A', [t]']) over kg. The proof is similar to those of Lemma [7.41 and Theorem 17.51 
(!)• 

7.2. For each object A = {A, A) e Ag(Fp), we write 

for the prime-to-p Tate module of A, and V^pHA) r(p)(A) A^, where 
is the prime-to-p finite adele ring of Q. Let 

: X V^P\A) ^ AP(1) V^p\G^) 

be the induced non-degenerate alternating pairing, for which T'-p\A) is a self- dual 
Z(p)-lattice. For brevity, we write V^p^A) {V''P\A), { ,)x). We introduce some 
more notations. 

Notations. (1) For any two objects A, A' in ^g(Fp), we denote by 

GlsomiV'^P\A),v'-P\A')) 

the set of isomorphisms rj : V^^^'^(A) — > F'^p^(A') such that there is an automorphism 
C e Aut(A^(l)) = (Ap^ such that 

(7.3) {Vix),viy))y ^C{v{x),viy))x, Va;,y e 

The word "G" stands for preserving polarizations up to scalars. 

(2) For any field k and two objects Ai — {Ai,Xi) and A2 — (^2,A2) in Ag{k), 
denote by G-isog'j^\A-^, A2) the set of prime-to-p quasi-isogenies ip : A\^ Ai over 
k such that ^p*\2 = qXi for some q S Z^^j ^, where Z^^^ ^ C Z^^j denotes the subset 
consisting of all positive elements. 

Let ^'f lf = ^^^Ni^p) denote the set of equivalence classes of objects {A, A, [77]^) 
over Fp, where (A, A) G Ag{¥p) is a superspecial point and [?]]p is an element in 
GIsom(y(p)(^o), V<-pHA))/UPj; two objects {A, A, [77]^) and {A', A', [77']^) are equiva- 
lent, denoted as {A, A, [77]^) {A', A', [77']^), if there is a quasi-isogeny £ G-isogi^^((A, A), {A', A')) 
such that (p4r]]P = [r]']P. . 

There is a natural map / : A* — >• A^^]^ which sends each object {A,X,r]]s[) to 
(A, A, [7;]^), where [r]]P is the class of maps 77 on n£5.^p^o(^) whose restriction to 
Ao[Af] is equal to 777V, as we have the identification 

[|GIsom(Ao(£),A(^)) = GIsomiT^P\Ao),T^P\A)) 
C Glsoia{V^PHA^^),v''P\A)). 

Theorem 7.3. 

(1) The natural map f : A* ^ ^'f if bijective and compatible with the 
action of the Galois group Q . 
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(2) There is a natural bijective map '■ ^^glf ~^ G{Q)\G{Af)/UN for which 
the base point (Aq, Ao, [id]) is sent to the identity class [1] and cn is G- 
equivariant. 

Proof. (1) Let {A,X,r]N) and {A',X',r]'j^) be two objects in A* jy such that 
{A,X, [r]]P) ~ {A',X', [r]']^). Then there is a prime-to-p quasi-isogeny (p : A ^ A' 
such that (fi*X' = qX for some 5 S Z^^^ ^ such that [ipri]^ = [v']^- We may assume 
77' = ifrj. As ri'ri~^ maps T''P\A) onto T'^p^A'), the map ip = rj'rj^^ induces an 
isomorphism from T(p'(A) to T'-p\A'). Therefore, vi{q) ~ for all £ ^ p, and 
hence we have (p*X' = X and iprjN = v'n- This shows the injectivity. 

We show the surjectivity. Let (A, A, [77]^) be an object in A^^]^, where rj e 
GIsom(y(p)(Ao),y(f)(A)). Let C e (A^^ such that v*{,)x = C(,')ao- Choose a 
positive number a € Z^^^ so that € (Z^^^)^. Choose a prime-to-p quasi-isogeny 
(p on A such that (fi*X = qX. Then A, [77]^) ^ {A,X, [<fir]]P). Replacing t] by (prj, 
we may assume that C e (Z^p))^. Let L := r;(r(p)(Ao)) C V'^p\A)) be the image 
of T^p\Ao) under r). By a theorem of Tate, there are a abelian variety A' and a 
prime-to-p quasi-isogeny (p' : A' ^ A such that the map ip' induces an isomorphism 

T(p)(A') ^ T(f)(A) ~ L c 

the pair (A', ip') is uniquely determined up to isomorphism by this property. Let 
A' := (f'*X, considered as an element in Hom(A', (A')*) (g)Z(p); one has (,)a' = 
ip'*{,)x. We have the following diagram: 

T(rt(Ao),C(,)Ao 




T(P){A'),{,}y^ -L,(,)a 



It follows from ip'~^ o rj € GIsom(r*^'')(j4o), T(p'(^)) that A' is a principal polariza- 
tion. Then {A, A, [r]]P) ~ {A', A', [(p'~'^ o t]]p) and the latter comes from an element 
in A* jy. This shows the surjectivity. It is obvious that the map / is compatible 
with the action of Q. 

(2) We define the map cjv. Given an object (A, A, [77]^) in A^^]^, there is a 
prime-to-p quasi-isogeny p : A ^ Aq such that <f*Xo = qX for some q G Z^^^ ^. 
Then [(pr]]P G G(Ay)/f/^. If tp' is another such a morphism, the (p' = acp for 
some a G G'(Z(p)). Then the map (A, A, [r/]^') [</"7]^ induces a well-defined 
map, denoted by c^, from A^^j^ to G(Z(p))\G(A^)/[/^. Using the isomorphism 
G(Z(p))\G(Ap/[/P ~ G(Q)\G(A/)/;7^, we get a map 

CN : A^P^ ^ G{Q)\G{Af)/UN. 

We need to show that the map is bijective and tj-equivariant. Let A = 
{A, A, [ri]P) and A' = {A', A', [77']^) be two objects in A^^^jl^, and let p, p' be prime- 
to-p quasi-isogenies to Aq, respectively. Suppose that [pr]]P = [p'rj'jP, that is 
Cjv (4) = c^(A')- Then the morphism a := p'~^p> : A — > A' is a prime-to-p 
quasi-isogeny such that a* A' G Z^^^ _|_A and a*[77]P = [77']*'. This shows the injectiv- 
ity. 
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We show the surjectivity. Let [(/)] G G{'L[p))\G{hJj) /U^ be a class, where e 
G(Aj). Let C, := G (Ap ^ . Replacing by acf) for a suitable a e G(Q), we may 

assume that C e (Z^p')^. Let L := 0(T(p)(^)) C be the image of T'^p^A) 

under 0. By a theorem of Tate, there are an abelian variety A and a prime-to-p 
quasi-isogeny if : A^ Ao such that ip : T'-p^A) ~ L c V'^p\A). As if IS a, prime- 
to-p quasi-isogeny, A is superspecial. Put A := ip*Xo, considered as an element 
in Hom(v4, ^*) (g) Z(p). We have an isomorphism 77 := (^""^0 : (T^p^Aq), (,)ao) — 
(T^p\A), ({ ,) \)- This shows that A is a principal polarization. Then we get an 
object {A, A, [ri]P) and this is sent to the class [(/)] by the construction. 

We check the compatibility with the Galois action. Let <f> e G(Ap and A = 

{A, A, [77]^) e A^^^ be the element such that c^(i4) = [(j)]. Then there are an element 
if € G-isog^''''(A, Aq) and an element rj G [r]]P such that (j) — ip o rj. Applying any 
element u in t?, we get 

aiq^) e G-isogf\^A,A,), airj) e GIsom(F(P) (A^), ^(^^(M)), 
and cr(0) = <T{ip) o cr(?7). This yields c^(M) = [cr(?!))]. | 

Lemma 7.4. Every member (A, A,77jv) G A* jy /las a unique model (A',A',r/^), up 
to isomorphism, over ¥p2 such that there is a prime-to-p quasi-isogeny ip : A' ^ 
Aq (g) Fp2 such that ip* Xq e Z^^^ + ' 

Proof. By Proposition 16. 11 {A, A) has a unique model {A' , A') over Fp2 with the 
property. Since the relative Frobenius morphism nj^i , is —p, the pull-back level 
structure rj'j^ is defined over Fp2 . | 

Similarly to Proposition 16.11 we call the unique model over Fp2 in Lemma 17.41 
the canonical model over Fp2 . We may identify the set A* ^ with the set of iso- 
morphism classes of superspecial g-dimensional principally polarized abelian vari- 
eties A = {A, A, 77Ar) with level- structure with respect to -Aq such that the set 
G-isogf\ {A, Aq) is non-empty. 

For any prime-to-p positive integers N\M, we have a natural projection A* j^j — 
K,N- Let 

'■= (Ag,Ar)ptAr 

be the tower of all superspecial loci with prime-to-p level structures. Elements 
of A* are represented as (A, A,?]), where {A, X) is an element in Ag and rj e 
GIsom(r(p)(^o),r(p)(A.)) is a trivialization. It follows from Theorem O that the 
tower A* admits a right action of G(A^) and we have a natural isomorphism 

(7.4) dP : G(Q)\G(A;)/G(Zp) ^ A^ 

of pointed profinite sets which is compatible with the actions of Gal(Fp2 /¥p) from 
the left, and of G(A^) from the right. 
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7.3. The Hecke operator R{ttq) and type number. We define the operator 
R{tto) and the type number with level structure, which are almost identical with 
those in Section 1. 

Let A'Io{Un) the vector space of functions / : G{Af) — > C satisfying f{axu) — 
f{x) for all a e G(Q) and u £ Un- Let H{G, Un) be the Hecke algebra of hi-UN- 
invariant functions, which acts on the space Mo(Un) in the same way as ()L4|) but 
the Haar measure takes volume one on Un- Let R{tto) be the operator correspond- 
ing to the double coset C/Ar(7ro) :— Unt^o — ttqUn- 

Let Tn be the double coset space 

Tn ■■= G{Q)\G{Af )/nN, 
where 91 at is the (open) subgroup of G{Af) consisting of elements x such that 

(1) Int(a;)(End(Ao » Fp) (g) Z) = End(y4o «) Fp) (g) Z, and 

(2) the induced map 

Int(a;) : End{Ao (g) Fp) ® (Z/NZ) End(Ao ® Fp) ® {Z/NZ) 
is the identity map. 
It is not hard to show (see Lemma [6. 6p that 

(7.5) ^N - i?(Qp)G(Zp) X Z(AP.)C/P . 

We call the cardinality Tn of Tn the type number of the group G with level group 
Un- 

Let A*jy(Fp) C a* jy denote the subset consisting of objects (A, A,?7jv) whose 
isomorphism classes are defined over Fp. In other words. A* ^(Fp) is the subset of 
fixed points of the Frobenius map Up. 

Theorem 7.5. 

(1) Every member (A, AjT^jv) G n^p) model (A', A', 77^) defined over 
Fp. Moreover, if N > 3, then the model (yl',A',r/^) is unique up to iso- 
morphism over¥p and the base change (A', A', 77^) (g)Fp Fp2 is the canonical 
model over¥p2 in [{A^ X,r]N)] in the sense of Lemma \7.4\ 

(2) Let (A, A,?7Ar) be an object in A* and let [x] G G{Q)\G{Af)/UN be the 
class corresponding to the isomorphism class [{A, X^tjn)]- Then [{A, X,riN)] 
lies in A* nC^p) */ o^^d only if 

(7.6) G(Q)na;L/jv(7ro)x-V0- 

(3) We have tri?(7ro) = lA^ j^{Wp)\. 

(4) The natural map pr : A* jy — >■ Tn induces a bijection between the set of 
orbits of A* ^ under the action 0/ Gal(Fp2 /Fp) with the set Tn - 

(5) We have 

tYR{TTo)=2TN~HN, 
where Hn := |A* j^\is the class number of G with level group Un- 

Proof. (1) We may assume that iV > 2 as the case iV = 1 is treated in SectionlHl 
By Lemma 17.41 we may assume that {A, A, r]N) is the canonical model over Fp2 
in its isomorphism class. Then its conjugation {"'^A,"''' X,"'priN) is also a canonical 
model over Fp2 in its isomorphism class. By assumption, there is an isomorphism 
a^p : (A, A,ryjv) — {'^'^A,'^'' X,'^''r]N) over Fp2, as they are canonical models over Fp2 
in the same isomorphism class. Then cFp{aa-p)aa-p is an automorphism of (A, A, ry) 
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and is equal to ±1 (= 1 if iV > 3). Using the same argument as in Proposition 16. 31 
we define recursively a^i := ap{a^i-i) and show that the map a i— >■ satisfies 
the 1-cocyle condition for the field extension ¥pi/¥p (for ¥p2 /¥p if > 3). Then 
by Weil's theorem, there are a model {A',X',ri'j^) over ¥p and an isomorphism 
b : {A',\',r]'j^) ~ (A', A', 77^) overFp4 (overFp2 if A?^ > 3) such that = ap{b)ob-^. 
When iV > 3, we have shown that this model is compatible with the canonical model 
over Fp2. The uniqueness follows from a theorem of Serre (cf. pP, Lemma p. 207]) 
that the automorphism group Aut(A, A, r^jv) is trivial. 

The proofs for the statements (2), (3), (4) and (5) are the same as before. | 

Remark 7.6. 

(1) Similarly to Remark 16.101 we discuss a bit about models over Fp. Let 
A*'^(Fp) C A* ^(Fp) denote the subset consisting of isomorphism classes 
in which a model A' over Fp exists such that the base change A(g)¥p2 is the 
canonical model over Fp2 in the sense of Lemma [7^ We have A*'^(Fp) C 
A*^^(Fp) and A*;'^''(Fp) = A* jv(Fp) if TV > 3. We do not know whether 
this equality holds when N < 2. 

(2) For A^ > 3, we have the following explicit formula (cf. Section 1) 

(7.7) = I GSp2,(Z/7VZ)|^^^^ n C(l - 2A:) • n Hp + (-1) } ■ 

lfc=l J k=l 

7.4. Proof of Theorem 11.51 Now we describe the Galois action on the super- 
special locus with the standard level- A^ structure. Let (Z^^jf/;) be the standard 
symplectic Z- module of rank 2g, and let GSp2g be the group of symplectic simil- 
itudes defined over Z. Let iV be a prime-to-p positive integer as before. Let 
^9,1, TV denote the moduli space over SpecZ[l/A^] of g-dimensional principally po- 
larized abelian varieties {A, A, a) with a (full) symplectic level- A^ structure. Re- 
call that a full symplectic level- A^ structure on a g-dimensional principally polar- 
ized abelian scheme {A,X) over a connected Z[l/A^]-scheme S is an isomorphism 
a : {Z/NZ)^9 ~ A[N]{S) such that there is an element C € ^J.NiS) such that 

(7.8) ex{a{x),aiy)) =Ci^ix,y), y x,y e {Z/NZfs ^ 

We denote by A^^jv C .4g^i_Ar(Fp) the superspecial locus. 
Put 

(7.9) HP := GIsom(((Ap2^V),^^''^(4o))■ 

The set is a (G'(Aj), GSp2g(Ap)-bi-torsor together with an action of the Galois 
group Q = Gal(Fp/Fp) from the left. The action of Q on T'^p^Aq) gives rise to a 
Galois representation 

p : g ^ G{Z(P'>). 

Using Proposition 14.31 (3), the action of Q on Hj is given as follows: 

(7.10) a-/ = p(a)o/, yaegjeRP. 
Let 

■■= (A.i,Jv)ptJV 
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denote the tower of Siegel modular varieties with prime-to-p level structures over 
SpecZ(p). Let Ag C A'f\¥p) be the superspecial locus. Elements in Ag are repre- 
sented as (A, A, a), where (A, A) is an element in Ag and 

5 e GIsom(((Z(P))29»,T(f)(A)) 

is a trivialization. Suppose {A, A, a) e Ag is an object. We can choose an quasi- 
isogeny (p € G-isog'^\A, Aq) . The composition tp o a 

(Ap2s — ^ V<^pHAo) 
defines a well-defined map 

bP : Ag^G(Z(p))\ij; 

which is compatible with the GSp2g(Ap-action. Using the same argument in the 
proof of Theorem 17.31 one shows that the map b^* is bijective and fj-equi variant. 
If we fix a trivialization 

5o e GIsom(((Z(P))2f,^),T(f)Uo)), 

then we get 

• a Galois representation 

po-.g^ GSp2g(z(p)) 

such that the following diagram 

(z(rt)29 r(p)(Ao) 

(7.11) |po(<t) |pM 

commutes, 

• an isomorphism 

(7.12) JO : GSp2g(Ap i?;, ^' 5o ° 0', 
and 

• an isomorphism 

(7.13) zo : G(AP) GSp2g(AP), ^^Sq-Io^oSo. 



Let Q act on GSp2g(A^) by the action po: 
(7.14) <j ■ cj)' := p„{a)cf,' , Va G </.' G GSp2g(Ap. 

One checks that 

o- • jo(0') = cr • ao o 0' = p(cr) o 5o o 0' = So o po{a)(t>' . 
That is, the following diagram 

GSp2g(Ap 



GSp2g(A^.) iJ" 
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commutes. Therefore, we obtain an isomorphism (depending on the choice of ao) 
(7.15) b^AgC.zo(G(Z(p)))\GSp2g(Ap 

which is compatible with the GSp2g(Ay)-action and the fj-action in (|7.14p . This 
completes the proof of Theorem 11.51 

8. The non-principal genus case 

In previous sections we investigate arithmetic properties of principally polarized 
superspecial abehan varieties, as well as the relationship to the trace of certain 
Hecke operator on the space of automorphic forms of weight zero. These abelian 
varieties correspond to the principal genus of the group G. Since the non-principal 
genus case is of equal importance (see Section lOT) . we include the analogous results 
for these superspecial abelian varieties as well. The proofs of most results are the 
same as the principal genus case and are omitted. 

8.1. The class numbers i7„(p, 1) and _ff„(l,p). We start with the arithmetic 
aspect of polarized superspecial abelian varieties which are related to components of 
the supersingular locus oiAg($¥p, the coarse moduh space over Fp of g-dimensional 
principally polarized abelian varieties. Our references are Ibukiyama-Katsura-Oort 
[TT1 Section 2] and Li-Oort [HI Section 4]. 

Let B be the quaternion algebra over Q ramified exactly at {p,oo}, and let O 
be a maximal order of B. Put V = i?®", regarded as a left B-module of row 
vectors, and let ip{x, y) — ^^^=1 ^iVi ^^'^ standard Hermitian form on V , where 
the map yi i— ?> y^ is the canonical involution on B. Let G be the algebraic group of 
■0-similitudes over Q; the group of Q-points of G is 

G(Q) := {h e Mn{B) \ h¥ = r/„ for some r e Q"" }. 

(Note that the group G here is isomorphic to the generic fiber Gq of the group 
scheme G over SpecZ defined in Introduction when n = g. Thus, we use the same 
notation.) 

Two O-lattices L and L' in S®" are called globally equivalent (denoted by L ^ L') 
if V — Lh for some element h G G(Q). For any finite place v of Q, we write 
By := B ^ Q„, Oy := O (E) and := L (g) Z„. Two O-lattices L and L' in 
B®" are called locally equivalent at v (denoted by ^ L'^) if L'^ = Lyhy for some 
element hy G G{Qy). A genus of O-lattices is a maximal set of (global) O-lattices 
in B®" which are equivalent to each other locally at every finite place v. 

We define an Op-lattice Np C i?®" as follows: 

where r is the integer [n/2\, tt is a uniformizer in Op, and ^ is an element in GL„(_Bp) 
such that 

= anti-diag(l, 1, . . . , 1). 

Definition 8.1. 

(1) Let £„(p, 1) denote the set of O-lattices L in S®" such that L„ ~ O®" at 
every finite place v. The set C„{p, 1) is called the principal genus. Let >C„(p, 1)/^ 
denote the set of global equivalence classes in £„(p, 1). As a well-known fact. 
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£„(p, 1)/^ is a finite set. The cardinality _ff„(p, 1) := #£„(p, 1)/^ is called the 
class number of the principal genus. 

(2) Let £„(l,p) denote the set of O-lattices L in B®" such that Lp ~ Np and 
Ly ^ d^®^ at every finite place v ^ p. The set is called the non-principal 

genus. Let £„(l,p)/~ denote the set of global equivalence classes in £„(l,p). We 
know that £„(l,p)/^ is a finite set. The cardinality iJ„(l,p) := #£„(!, p)/ ^ is 
called the class number of the non-principal genus. 

Recall that Kg is the set of isomorphism classes of g-dimensional principally 
polarized superspecial abelian varieties over Fp. When g = 2d > Q is even, we 
denote by — Eg(Fp) the set of isomorphism classes of g-dimensional polarized 
superspecial abelian varieties A) of degree p^''' over Fp satisfying kerA = A[F]. 
Here F is the relative Frobenius morphism A — )■ A^p^ over Fp. 

Let Sg denote the supersingular locus of the Siegel moduli space Ag ®¥p] it is 
a closed reduced subscheme of finite type over Fp. Let no(5g) denote the set of 
irreducible components of Sg . 

Theorem 8.2 (Li-Oort We have 



The arithmetic part for the supersingular locus Sg is given by the following 
proposition. 

Proposition 8.3. 

(1) For any positive integer g, one has \Ag\ ^ F[g{p, 1). 

(2) For any even positive integer g = 2d, one has — Hg{\,p). 

Proof. (1) See dH Theorem 2.10]. (2) See [H Proposition 4.7]. 

8.2. From on now in this section, let g — 2dhe an even positive integer. Suppose 
that there is a g-dimensional superspecial polarized abelian variety A^ = {A'q, Aq) 
over Fp such that the polarization degree is p^'^, kerAp = ^o[-F] and (ttq)'^ = — p, 
where ttq is the Frobenius endomorphism of A'^. The existence of such an object 

may depend on p and g; for example it exists if {^~^^ = 1 oi' '^\9- Nevertheless 
we fix one when it exists. Let G'^ C G' be the automorphism group schemes over 
SpecZ associated to the object (^o,Aq), defined similarly as in Section [STTl Let 
iV be a positive prime-to-p integer, and let U'jq be the kernel of the reduction map 
G"(Z) G"(Z/iVZ). The generic fiber Gq of G' is isomorphic to Gq, so we can 
also consider U'jq as an open compact subgroup of G{Af). 

Denote by S* ^ = E* jv(II^p) the set of isomorphism classes of objects {A, A, rji^) 
over Fp, where {A, A) is an object in Eg and ryjv is a level- iV structure on {A, A) with 
respect to j4q (defined in the same way as in Section [7?T|) . Two objects {A, A, r]^) 
and {A',X',r]'j^) in E*^^ are isomorphic, denoted by (^, A, jyAr) ~ (A', A', 77^), if 
there is an isomorphism (p : A ^ A' such that tp* X' = X and (p^rji^ — rj'^. 

As in the proof of Lemma [731 each level- structure r/N on {A, A) with respect 
to Aq uniquely determines a U'j^-orhit 




M := {V e nGIsom(A[,(^), AW) hU,[^] = tin} 
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in the G'(Z)-torsor GIsom(Ao(^), 

The Galois group Q — Gal(Fp/Fp) acts naturaUy on the topological group G'{Af) 
and this action is given by (of. Theorem 1 1.1 1 ) 

(8.1) crp{xe)e = (7rQX£7rQ~^)f , {xe)i G G"(A/). 
Theorem 8.4. There is a natural Q-equivariant bijective map 

c'^ : ^ G'(Q)\G'(A/)/C/^ 
for which the base point (Ag,AQ,id) is sent to the identity class [1]. 

Proof. This is the analogue of Theorem 17.31 The proof is the same and is 
omitted. | 

Lemma 8.5. Every member {A, A, rj^) e E* ^ has a unique model (A', A', ffpf), up 
to isomorphism, over ¥p2 such that there is a prime-to-p quasi-isogeny ip : A' ^ 
A'q (g) Fp2 such that ip*X'Q e Z^^^ + ' ■ 

Proof. This is the analogue of Lemma [7^ The proof is the same and is omitted. 
I 

For any two prime-to-p positive integers M and N with N\M, we have a natural 
projection T,* j^j E*_^. Let 

be the tower. Elements of S* are represented as {A,X,Tf), where A) is an ele- 
ment in Eg and ?j € Glsom{T'^P^ {A^),T'^p\A)) is a trivialization. It follows from 
Theorem 18.41 that the tower E* admits a right action of G'(A^) and we have a 
natural isomorphism 

(8.2) d'^ : G'(Q)\G'(A/)/G'(Zp) ~ E^ 

of pointed profinite sets which is compatible with the actions of Gal(Fp2 /Fp) from 
the left, and of G'(Ap from the right. 

8.3. The Hecke operator R{tt'q) and type number. We define the operator 
R{T^'f)) and the type number with level structure, which are almost identical with 
those in Section [731 

Let Mo(C/^) the vector space of functions / : G'(A/) — ^ C satisfying f{axu) — 
f{x) for all a G G'(Q) and u e U'j^. The Hecke algebra H(G', C/^) acts on the space 
Mo{U]\[) in the same way as in (II. 4p where the Haar measure takes volume one on 
the open compact subgroup U'^. Let R{t^q) be the operator corresponding to the 
double coset U'^{-k'q) :— U'^tt'q = n^l/'j^. 

Let 7^ be the double coset space 

G'(Q)\G'(A;)/9t'^, 

where is the (open) subgroup of G'{Af) consisting of elements x such that 

(1) Int(x)(End(^;) (g> Fp) (g) Z) = End(y4;, (g) Fp) (g Z, and 

(2) the induced map 

Int(a;) : End(^o (g Fp) g) (Z/NZ) End{A'o g) Fp) g) {Z/NZ) 
is the identity map. 
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It is not hard to show (see Lemma [6. 6|) that 

(8.3) m'j^ = D{qp)G'iZp) X Z{AP)U'l, 

where U'^ C G"(Ap is the prime-to-p component of the open compact subgroup 
U']^. The cardinality :— |TJ(r| is called the type number of the group G' with 
level group C/^. 

Let S* n{Vp) C S* jv be the subset of fixed points of the Frobenius map ap. 
Theorem 8.6. 

(1) Every member (A, A, r/^r) € E*^(Fp) has a model (A', A', 77^) defined over 
Fp. Moreover, if N > 3, then the model {A',X',jfpj) is unique up to iso- 
morphism over Fp and the base change (A' , A', 77^) (8)Fp lFp2 is the canonical 
model over¥p2 in [(A, A,77jv)] in the sense of Lemma \8.5\ 

(2) Let {A,\r^N) be an object in T.* j^ and let [x] e G'{Q)\G'{Af)/U'j^ be the 
class corresponding to the isomorphism class [(A, A, t^at)] . Then the class 
[{A, A, r/pj)] lies in S* ^(Fp) if and only if 

(8.4) G'iQ)nxU'^iTr'o)x-^ ^?). 

(3) We have tr Rin'o) = |S;,jv(IFp)| • 

(4) The natural map pr : S* ^ — >■ TJ(r induces a bijection between the set of 
orbits 0/ S* ^ under the action 0/ Gal(Fp2 /Fp) with the set TJ(r. 

(5) We have 

(8.5) tTRi7r'o)=2T'^-H'j^, 

where H'j^ — jS* ^|is the class number of G' with level group U'j^. 

Proof. This is the analogue of Theorem 17.51 The proof is the same and is 
omitted. | 

For > 3, we have the following explicit formula (see [36l Theorem 6.6]; note 
that in loc. cit. one fixes a choice of a primitive A^th root of unity Cn-) 

(8.6) H'^ = I GSp2,(Z/7VZ)| til^!^ jn C(l - ■ Ylip''-' - 1). 

lfe=l J k=l 

9. Trace formula for groups of compact type 

The goal of this section is to calculate the trace of the Hecke operator i?(7ro) 
(or R{nQ)) for the groups G (or G") arising from the previous sections using the 
Selberg trace formula. Since one has the explicit formula for the class number Hn 
or H'j^ (see (17. 7|) and (|8.6p ). by Theorems 17.51 and 18.61 we obtain a formula for 
the type numbers T/v or T^. For other possible applications, we work on slightly 
more general groups and study the trace of specific Hecke operators. This section 
is independent from the previous sections; some notations are different. 

9.1. Groups. Let G be a smooth group scheme over Spec Z satisfying the property: 
The generic fiber Gq :— G^zQ^s a. connected reductive group and the arithmetic 
subgroup G(Q) is discrete in G(A/). We know that G{Q) is discrete in G(A/) if and 
only the quotient space G(Q)\G(A/) is compact. Moreover, we have the following 
equivalent statements; see [51 Proposition 1.4]. 
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Proposition 9.1. Let G he a connected reductive algebraic group over Q. The 
following conditions are equivalent: 

(1) Every arithmetic subgroup T of G{Q) is fi,nite. 

(2) r = {e} is an arithmetic subgroup ofG{Q). 

(3) G(Q) is a discrete subgroup of the locally compact topological group G(Aj). 

(4) G(Q) is a discrete subgroup of the locally compact topological group G{Af), 
and the quotient space G(Q)\G(Aj) is compact. 

(5) The Lie group 

G(R)i := {g G G(R) | \x{g)\ = I, ^ rational character x : G -> Gm-} 

is a maximal compact subgroup of G(R) . 

(6) The maximal Q-split torus of the center Z{G) of G gives rise to a maximal 
R-split torus of G^. 

(7) For every irreducible rational representation V of G there is a character 
fi : G ^ Gm and a positive definite symmetric bilinear form {,) -.VxY^ 
Q which satisfy 



for all g in G(Q) and v, v' in V . 

9.2. Hecke operators i?(7r). Denote by L^{G) = L^^°^{G{Q)\G{Af)) the vector 
space of locally constant C-valued functions on G(Q)\G(A/), endowed with an 
inner product defined by 



for a Haar measure dx on G{Af) which we shall specify later. This is a pre-Hilbert 
space as the limit of locally constant functions need not to be locally constant. 
For example, the limit of the sequence of characteristic functions 1g(q)c/„ for ^ 
decreasing separated sequence of open compact subgroups Un is the delta function 
S[i] supported on the identity class [1]. 

The group G(A/) acts on the spac;c L'^{G) by right translation, denoted by R. 
Since the topological space G(Q)\G(A/) is compact, every function / in L'^{G) is 
invariant under an open subgroup U c G{Af ), that is, / is a smooth vector. Also 
for any open compact subgroup U, the invariant subspace 



consisting of constant functions on the finite set G(Q)\G(A f)/U is finitc-dimcnsional. 
In other words, the representation L'^{G) of G(A/) is admissible. Denote by T-L{G) 
the Hecke algebra of C-valucd, locally constant, compactly supported functions on 
G(A/); the multiplication is given by the convolution. The Hecke algebra %{G) 
acts on the space L^(G) as follows: For ip e 'H(G), / e L'^{G), 



For any positive integer A^, one defines an open compact subgroup Un as the 
kernel of the reduction map 



{gv,gv') = n{g){v,v') 




L\Gf = L^'°°(G(Q)\G(A/)/C/) = C(G(Q)\G(A/)/C/) 




Redjv : G(Z) ^ GiJ.jN'L). 
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Fix an element tt of G(Q) which normaUzes Un for aU N. In many cases, any 
element in the normalizer ^ of the open compact subgroup Ui = G{1i) satisfies 
this property. For example, this is the case if the Z-structure of G is induced by a 
Z-lattice for a rational faithful representation p : Gq — GL(Vq) of Gq. Let </?,r,Ar 
be the characteristic function of the double coset Unt^Un = t^Un — Untt and we 
write RnM = R{fTr,N), where is a positive integer. The goal is to calculate 
the trace of the Hecke operator RN-{Tr). Here we normalize the Haar measure so 
that it takes volume one on the open compact subgroup Un- The meaning of the 
trace tr i?jv(7r) can be interpreted as the number of fixed points in the double coset 
space G{<Q:)\G{Af)/UN under the translation [x] [xn]. Note that the translation 
is well-defined as tt normalizes Un- Indeed, the image of Rn{t^) is contained in the 
?7Ar-invariant subspace C{G{Q)\G{Af)/UN)- So tri?Ar(7r) is equal to the trace of 
its restriction 

Rn{7t) ■- C{G{Q)\G{Af )/UN) ^ C{G{Q)\G{Af )/UN)- 

This map is induced by the translation [x] i— > [xt:] and hence its trace is equal to 
the number of fixed points. 

To simplify notation we shall write (p^ for (/9^ jv and R{tt) for i?7v(7r), respectively, 
with understanding that these also depend on N . 

9.3. Trace of i?(7r). The standard argument in the trace formula (cf. [B]) shows 
that the operator R{tt) is of trace class and its trace can be calculated by the 
following integral 

tri?(7r) = / K.^{x,x)dx, 

JG(Q)\G{Af) 

where 

K^{x,y) := ^ (p^{x^'^jy). 

Note that when x and y vary in a fixed open compact subset, there are only finitely 
many non-zero terms in the sum of Kt^{x, y)- Regrouping the terms in the standard 
way (cf. [5]), we get 

(9.1) tri?(7r)= a{G^)0-,{<P-.), 

7eG(Q)/~ 

where 

• G(Q)/ ~ denotes the set of conjugacy classes of G(Q), 

• G^ denotes the centralizer of 7 in G, and 

• a(G^) := vol(G^(Q)\G^(A/)), and 

[ dx 

(9.2) 0^{ipT,) := / '-pT,{x'^"fx)- — , 

JG-,(Kj)\G(ks) axj 

where dx-y is a Haar measure on G.y{Af). 
Note that the whole term a{Gj)Oj{(pTr) does not depend on the choice of the Haar 
measure dx^- As the closed subgroup G^(A/) is unimodular, the right G(A/)- 
invariant Radon measure dx/dxr is defined and it is characterized by the following 
property: 

(9.3) / fdx= [ [ f{xyx)dxy-^ 

JG{Af) JGy{Af)\G{Af) JG-yiAf) "'^■y 
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for all functions / £ C^(G(A/)). Using this formula, one easily shows 

voldx{U) 



for any open compact subgroup U C G{Af), or more generally, 

vo\dx{U) 



(9.4) vold,/<,,^(G^(A/)\G^(A/)[/) 
for any open compact subgroup U C G{Af 

(9.5) voW/,.,(G,(A,)\G,(A,)at/) , 

for any element a e G{Af). See Kottwitz |17[ Section 2.4]. In our situation, any 
element 7 £ G(Q) is semi-simple. Therefore, any G(A/)-conjugacy class is closed 
and the orbital integral 0~f{(fiTr) is a finite sum. 

For elements x and 7 in G(Q) (resp. in G{Qv) or G(Ay)), we write x-7 = a::^-'^7a;, 
the conjugation of 7 by a;. Put 

(9.6) An := {7 e G(Q) | G(A/) • 7 n ^[/jv }/ -g(Q) • 

We show that Ajv is a finite set. 

Let G C G{Af) be an open compact subset such that G{Af) = G(Q)G. For 
example, if we write G(Aj) as a finite disjoint union of double coset: 

h 

G{Af) :=]jG(Q)c,[/i, 

1=1 

then take G to be the union oi CiUi for i = 1, . . . , h. Put 

^iv := U • ttC/jv. 

cec 

Since is an image of the compact set G x ttUn, it is compact. If 7 is an element 
of G((Q) which lies in G(A/) • ttJ/at, then there is an element a e G(Q) such that 
a • 7 e Xn- The element a • 7 lies in the intersection G(Q) n Xat, which is a finite 
set. Since Ajv consists of elements 7 as above modulo the G((Q))-conjugation, the 
set A^r is finite. 

For each class 7 G An, we select a representative 7 in Xn n G(Q) and choose 
the Haar measure dx^ so that 

(9.7) vol(C/^,Ar) = 1, where C/^,Ar := G^(A/) n C/at. 



Put 

£.y := {a; G G(A/) | x~'^^x e 7r[/jv}, 
which is the support of the function (f>-/{x) :~ ipTr{x^^jx). It is clear that £^ 
is stable under the left G-y(A/)-action and the right [/Ar-action. By our choice of 
Haar measures on G{Af) and G-y(A/), the orbital integral 0^(1^9^) can be calculated 
using the formula (see l\9.5^ ) 

0-y{ip^)^ Yo\{G^{Af)naUa-^)-\ 

[a]&G-,{Af)\£-,/UN 

We have shown the following result. 

Proposition 9.2. Let An C G{Q)/^ be the subset of G{Q)-conjugacy classes 
defined in (|9.6p . 

(1) The set An is finite. 
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(2) We have 

(9.8) tri?(7r)= V a(G.^)0^(v3^) 



and 



(9.9) 0^(95^)= ^ Yo\{G^{Kf)r^aUa-^)-^. 

[a](iG^(kf)\S-,/UN 

9.4. Trace of i?(7r) when Un small. Put 

A^(^) := {7 e G(Q) |7 e G(A^.) • ^}/ ^g(q) ■ 
Clearly we have A/(7r) C Aat. 

Lemma 9.3. There is a positive integer Nq such that for all positive integers N 
divisible by Nq, we have An = Afij:). 

Proof. Since G(Q) n is finite, there is a positive integer iVo such that G(Q) n 
Xn remains the same for all N with iVo|A^. Let 7 be an element in G(Q) n X^. 
Then for all n with No\n, we have 7 — CnTTUnC^^ for some c„ G G and ttn G J/n- 
Since G is compact, there is a subsequence {c„i-} of {c„} which converges to an 
element cq € G. As i 00, we get 7 = cottcq^. This shows the lemma. | 

Suppose an element 7 e G(Q) has the form y^^ny for some y e G(A/). We 
show that the term a(Gj)0^{ipT^) in (j9.8l) is equal to a(G7r)07T(¥'7r)- First, it is easy 
to show that an element x € G(Q) lies in G^((Q)) if and only if yxy^^ G G7r(Q); thus 
yG'y{Q)y^^ ~ G7r(Q). Let t =^ yx. The map a; t induces an homeomorphism 

G^(Q)\G(A^) ^ G.(Q)\G(A/). 

We have 

a(G^)0-y(V3^) / ip^{x^^y^^TTyx)dx 

(9.10) ^G.(Q)\G(A,) 

= / ifyr{t~^TTt)dt = a{G^)0^{if^). 

JG,iQ)\G(Af) 

Lemma [^751 and the equality (I9.10p show that when Un is small, the trace of the 
Hecke operator R{t:) can be simplified significantly. 

Theorem 9.4. There is a positive integer Nq such that for all positive integers N 
divisible by Nq, we have 

(9.11) tri?(^) = |A/(^)|a(G0O,(^,) 

Remark 9.5. Using either the results of G. Prasad [23] on the volumes of funda- 
mental domains or the results of Shimura |28| on the exact mass formulas, one can 
determine the term a(G7r) explicitly. The orbital integral Ojri^n) is purely local in 
nature, that is, it is expressed as the product of the local orbital integrals 077(^^,1))- 
There is also a similar local description as in (j9.9l) . Using this description, it is not 
hard to show that the local integral integral OTr{'Pn,v) is equal to 1 for almost all 
finite places. We also like to know whether after shrinking the level subgroups Un 
at these bad places, each local orbital integral in bad places becomes 1 or becomes 
easily computable. Nevertheless, we continue to study the global term |A/(7r)|. 
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9.5. A cohomological meaning for A/(7r). Put 

A(7r) := {7 G G(Q) I7 € G(A) • tt}/ -g(Q) • 
Lemma 9.6. We have Ay^(7r) = A(7r). 

Proof. Suppose 7 is an element in G(Q) which lies in Aj(7r). It suffices to show 

that 7 is conjugate to tt by an element in G(IR). Since they are conjugate under 
G{Q£), they are conjugate under G(Q^). Therefore, they are G(Q)-conjugate and 
hence G(C)-conjugate. Then the assertion follows from the following lemma. 

Lemma 9.7. Let G be a connected reductive group over K such that the derived 
subgroup Gdor is anisotropic. Then for any two elements x and y in G(]R), x and 
y are G(M.)- conjugate if and only if they are G{C)- conjugate. 

Proof. We first show the case when G(]R) is compact. Choose a maximal torus 

T, which is anisotropic, and any element can be G(R)-conjugate to an element in 
r(M). Two elements in r(M) are conjugate if and only if they are in the same Wt- 
orbit, where Wt is the Weyl group of T. Two elements in T(R) are G(C)-conjugate 
if and only if they are in the same Wrc-orbit, where Wjj. is the Weyl group of Tc. 
We have Wt ^ Wtc and the inclusion T{M)IWt ^ T{C)IWtc- The statement 
follows. 

We reduce to the above special case. Let Z be the connected center of G. Let S C 

Z (resp. T C Z) he the maximal split (resp. anisotropic) torus. Put M := Gdcr • 
T- S[2]. One has G = SM = SM^ and the subgroup M{R) meets every component 
of G(R). We also have G(K) = M(M) x S{Rf; write x = {xm,xs) into the M- 
component and S'-component of x. Then two elements x and y are G(C)-conjugate 
if and only if xs = ys and xm and j/m are M(C)-conjugate. The condition x 
and y are M(C)-conjugate implies that x and y are in the same component of 
M(R). Multiplying them an element in S[2], we may assume that x and y are in 
the connected component M°(R). Since M° is connected and anisotropic, we are 
done. ■ 

Proposition 9.8. We have a natural bijection 
(9.12) A(7r) ~ ker [keri(Q,GJ ^ i?'(Q,G)] , 

where ker^(Q, G,r) is the kernel of the local-global map 

H\^,G^)^\{H\q,,G^) 

V 

of pointed sets. 

Proof. Let tti be an element of G(Q) which lies in A(7r); the element tti is 
G(Q)-conjugate to tt. There is an element g G G(Q) such that g'JTg~^ = tti. For 
any element a G Gal(Q/Q), we have 

a'(.9)7rCT(ff)~^ = TTi = gTTg~'^. 

The map a 1— >■ g^^aig) E GrriQ) is a 1-cycle and defines an element c (E H^{Q, G-n) 
whose image in H^{Q, G) is the base point. This gives rise to a bijection between 
the set of G(<5)-conjugacy classes of elements which are G(Q)-conjugate to the 
element tt and the set ker[i7^(Q, G^r) H^{Q,G)]. The condition that tti and tt 
are G(Qt))-conjugate imposes the condition that the image Cy of c in J?i(Q^,G^) 
is the base point for all places v. Therefore, the proposition is proved. | 
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9.6. Application to the superspecial locus. Let G, ttq G G{Q), Un and R{tto) 
be those in Section [3 also see Theorem 17.51 In the remaining of this section, 
We apply the results in this Section to compute the trace tr_R(7ro) of the Hecke 
operator R^ttq). Note that this computes the number of Fp-rational points in A* ^ 
(see Theorem 17.51 (3)). The centralizer Otto is isomorphic to the group of unitary 
similitudes of a Hermitian space V over the imaginary quadratic field Q(ttq) = 
Q{y/^p). This group G^,, satisfies the Hasse principle; see a proof below. 

Lemma 9.9. Let E be an imaginary quadratic field and G — GU{V, ip) he the group 
of unitary similitudes of a Hermitian space V over E. Then G satisfies the Hasse 
principle. 

Proof. This is certainly known to the experts. As we could not find a reference, 
we provide a proof a the reader's convenience. Note that this is not covered by 
well-known results of Kottwitz in [111 Section 7] ; the group G is of type A but the 
number n = dim^; V of variables may not be even. 
Consider the short exact sequence 

1 > Gder — ^ G E"" > 1. 

This induces the commutative diagram: 
E"" > ili(Q,Gder) > H\Q,G) > H\Q,E^) = 1 

n.i^^ — > n.^HQ.,Gder) — > n.^HQ.,G) — > u.h'{q.,e-)^i 

The vanishing results 

H\Q,E'')^1, and H^iQ^,E'')^l 

follow from the Shapiro lemma and Hilbert's 90 theorem. By Kneser's theorem 
one has if^(Qi,, Gdcr) = 1 for any finite place v as Gdor is semi-simple and simply- 
connected. It follows that H^(Qy,G) = 1 for any finite place v. Therefore, we get 
the commutative diagram: 

E"" > iJi(Q,Gdcr) — ^ H\Q,G) > 1 

> i?i(R,Gdor) H^{R,G) > 1 

Since det G(]R) is an open subgroup of C^, which must be C^, the map ioo is 
bijective. Suppose x is an element in H^{Q,G) such that roaix) = 1. Choose an 
element x' S H'^iQ, Gder) such that i{x') = x. Then r^'ix') = 1 RS Iqq is bijective. 
Since r^^ is bijective (see [231 Proposition 6.17, p. 284]), x' = \ and it follows that 
X — \. This proves the lemma. | 

It follows from Lemma 19.61 Proposition 19.81 and Lemma 19.91 that |A/(7ro)| — 
|A(7ro)| = 1. By Theorem l9.4[ we have proven the following result. 

Theorem 9.10. Let G, ttq G G(Q), Un and R{tto) be as in Section^ There is 
a positive integer Nq such that for all positive integers N divisible by Nq, we have 
{see mTDi ) 

(9.13) tri?(7ro) = a(G,JC((p,J, 
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where the Haar measure on G^g{Af) is defined by (|9.7p . 

We also obtain the similar result for the non-principal genus case as treated in 
Section H 
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